
ON THE NUMBER OF CONNECTED COMPONENTS OF THE

RAMIFICATION LOCUS OF A MORPHISM OF BERKOVICH CURVES.

VELIBOR BOJKOVI� AND JÉRÔME POINEAU

Abstract. Let k be a complete nontrivially valued non-archimedean �eld. Given a �nite
morphism of quasi-smooth k-analytic curves that admit �nite triangulations, we provide
upper bounds for the number of connected components of the rami�cation locus in terms of
topological invariants of the source curve such as its topological genus, the number of points
in the boundary and the number of open ends.
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1. Introduction

The study of the rami�cation locus of �nite morphisms of Berkovich curves has been

quite fruitful in recent years. Its properties have been used in a crucial way to prove

non-archimedean analogues of classical results, such as the Riemann-Hurwitz formula (see

[CTT16, Boj]), as well as to develop new directions of research, such as non-archimedean

dynamics (see [BR10] for a complete account and bibliographic references).

One of the things that make it such an inspirational area is the richness of the rami�cation

locus of a �nite morphism. Namely, it is a classical fact that given a �nite morphism of

Riemann surfaces, the set of rami�ed points (which both classically and in the setting of
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Berkovich curves can be de�ned as the points where the morphism locally fails to be an

isomorphism) is discrete. In particular, if the surfaces are compact then this set of points

is �nite and subject to the bound coming from Riemann-Hurwitz formula. Contrary to this

situation, the set of rami�ed points of a �nite morphism of quasi-smooth k-analytic Berkovich

curves (which are the non-archimedean analogues of Riemann surfaces) is very often in�nite

and not discrete.

In order to give more detail, for the rest of the introduction, let us �x a complete nontrivially

valued non-archimedean �eld k and a �nite morphism of quasi-smooth k-analytic Berkovich

curves f : X → Y . Even if the rami�cation locus of f looks more complicated than its complex

counterpart, it still enjoys nice topological and metric properties. For example, it is a closed

subset of X and it has a fairly nice �radial� structure. Loosely speaking, the latter means that

there exists a skeleton of X (a locally �nite graph capturing the topological information of X)

around which the rami�cation locus is �symmetric� (this property being expressed in terms of

a metric coming from the skeleton). For this aspect one may refer to Michael Temkin's paper

[Tem14].

In the non-archimedean setting, much of the study of the rami�cation locus of a morphism

has been initiated by Xander Faber in [Fab13a, Fab13b], where the case of a rational map

f : P1
k → P1

k is investigated. In [Fab13a], among other things, the author is mainly occupied

with the following question: what is the upper bound for the number of connected components

of the rami�cation locus of such a rational function? He provides the answer deg(f)− 1 (see

[Fab13a, Theorem A]) and proves that it is optimal. We note here that the tools used in

op.cit. are quite technical relying on the existence of global coordinates on the projective line,

hence hardly applicable to �nite morphisms of higher genus curves. Although announced in

op.cit. the study of this more general setting has not been carried out, and to the best of our

knowledge little is known up to now.

This article takes up the question of upper bounds of connected components of the rami-

�cation locus to its full generality. Namely, we consider f : X → Y to be a �nite morphism

of �nite k-analytic Berkovich curves (i.e. curves admitting �nite triangulations, see De�nition

2.5). Our attention is restricted to this particular class of curves as going to a higher generality

may lead into in�nite number of components of the rami�cation locus, as a simple example

in Section 3.1 shows. The main result, Theorem 3.8 provides the upper bound that we are

looking for in terms of topological invariants of the source curve X such as its topological

genus, the number of points in its boundary and the number of �open ends�, and furthermore

the number of the rami�ed points in the latter two sets (where the morphism f enters the

picture).

In a series of corollaries we specify our results for several common classes of k-analytic

Berkovich curves, namely the a�noid, wide open and projective curves. In particular, our

Theorem 3.12 reproves and generalizes Faber's result mentioned above: the rami�cation locus

of a �nite morphism f : X → Y between connected smooth projective k-analytic curves has
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at most deg(f)+gt(X)−1 connected components, where gt(X) denotes the topological genus

of the curve X (which is bounded by its geometric genus).

Actually, Theorem 3.12 gives more information and may lead to re�ned bounds in some

particular cases. It implies, for instance, that, in the previous setting, if there exists a totally

rami�ed point, then the bound drops to gt(X) + 1. Again, this generalizes a result of Faber

in the case of �nite endomorphisms of P1
k (see [Fab13a, Theorem C]).

Here is a brief description of the sections of the article and the tools used. The second

section contains a recap on �nite topological graphs and �nite curves. In fact, we base our

study mainly on two things. First, the graph-like structure of Berkovich curves, which allows

to track the behavior of the topological invariants (topological genus, number of points in the

boundary and number of open ends) in partitions of such curves with triangulations. Here,

the incarnations of the localization exact sequence for Borel-Moore homology, namely Lemma

2.3 for �nite topological graphs and its equivalent Lemma 2.10 for �nite curves, play the main

role. Second, the existence of compatible skeleta (equivalently, as some readers may prefer, the

existence of a semistable reduction of the morphism), which allows for simultaneous partition

of both the source and target curve into simpler pieces.

The main results, Theorem 3.8 and its corollaries are in the third section. The two above-

mentioned properties allow for an induction to be carried out and we reduce the calculations

to the simplest cases that are �nite morphisms of open discs and annuli, where one easily

obtains the desired results.

2. Topological graphs and finite k-analytic curves

2.1. Finite topological graphs.

2.1.1. Topological realizations of �nite graphs.

De�nition 2.1. A �nite topological graph is a Hausdor� topological space G with a distin-

guished �nite subset V (G) whose complement has �nitely many connected components, each

of them homeomorphic to the real interval (0, 1).

The elements of V (G) are called the vertices of G and its cardinality is denoted by v(G).

The connected components of G \V (G) are called the edges of G, the set they de�ne is denoted

by E(G) and its cardinality by e(G).

The set of open ends of the �nite graph G is

End(G) := lim←−
K

π0(G \K),

where K runs through the compact subsets of G. We denote its cardinality by e0(G). It

obviously only depends on the topological space G.
We denote by E0(G) (resp. E00(G)) the subset of E(G) consisting of the edges that are not

relatively compact in G (resp. edges that are connected components of G). Note that E00(G)
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is a subset of E0(G). The number of open ends of G may be computed in a concrete way by

e0(G) = #E0(G) + #E00(G).

In particular, note that e0(G) is equal to the cardinality of E0(G) when G has no edge that is

a connected component, but only in this case.

It is clear that the same topological space G may be considered as a �nite topological graph

for di�erent sets of vertices. We will often take advantage of this situation and consider G as

a �nite topological graph with respect to some (unspeci�ed) vertex set.

Any connected component G0 of G is naturally a �nite topological graph as well, with

V (G0) = V (G) ∩ G0 and E(G0) = {e ∈ E(G) | e ⊂ G0}. Similarly, for any �nite subset V ′

of G, the topological space H := G \ V ′ is naturally a �nite topological graph, where V (H) =

V (G) \ V ′ and E(H) is the set of connected components of H \ V (H).

For each positive integer m, set

Um := {r exp(2iqπ/m) | r ∈ [0, 1), q ∈ {0, . . . ,m− 1}}.

For each x ∈ G, there exists a unique positive integer v(x) such that there exists a homeo-

morphism from a neighborhood U of x in G to Uv(x) sending x to 0. We call v(x) the valence

of x. There are only �nitely many points in G whose valence is di�erent from 2, as this is a

subset of the vertex set. Points with valence 1 are called endpoints.

We de�ne a compacti�cation G of G as the open end compacti�cation of G. It is obtained
from G by adding exactly one point for each open end of G. Note that we have natural

bijections π0(G) = π0(G) and π1(G) = π1(G) .

The topological space G naturally carries a structure of �nite topological graph where V (G)

is naturally in bijection with V (G) t End(G) and E(G) is naturally in bijection with E(G).

2.1.2. Genus of a �nite topological graph. Let G be a �nite topological graph. We de�ne its

genus to be the �rst Betti number of the underlying topological space G and denote it by g(G).

Recall that, when the graph G is compact, it may be computed by the classical formula

g(G) = #π0(G)− v(G) + e(G).

A similar formula may be derived for an arbitrary �nite topological graph.

Lemma 2.2. We have

g(G) = #π0(G)− v(G) + e(G)− e0(G).

Proof. The result follows from the formula for the compact case applied to the compacti�ca-

tion G of G and the relations 
π0(G) = π0(G);

g(G) = g(G);

v(G) = v(G) + e0(G);

e(G) = e(G).

�
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2.1.3. Genus and partitions of �nite topological graphs.

Lemma 2.3. Let G be a �nite topological graph and let S be a subset of V . Set H := G \ S
and denote by H1, . . . ,Ht its connected components. Then, we have

#π0(H)− g(H)− e0(H) =

t∑
i=1

(1− g(Hi)− e0(Hi))

= #π0(G)− g(G)− e0(G)−#S.

Proof. The �rst line of the formula being straightforward, we only prove the second. Endow-

ing H with the structure of topological graph induced by that of G, we have{
e(H) = e(G);

v(H) = v(G)−#S.

By Lemma 2.2, we then have

#π0(H)− g(H)− e0(H) = v(H)− e(H)

= v(G)− e(G)−#S

= #π0(G)− g(G)− e0(G)−#S.

�

Remark 2.4. For a �nite topological graph G, the quantity π0(G) − g(G) − e0(G) is nothing

but the Euler characteristic of G for the Borel-Moore homology. Noting this, the formula of

Lemma 2.3 follows from a localization exact sequence.

2.2. (Finite) k-analytic curves. Throughout the paper, k is an algebraically closed, com-

plete, non-archimedean and non-trivially valued �eld of arbitrary characteristic. We assume

some familiarity with k-analytic spaces in the sense of Berkovich, in particular the structure

results of quasi-smooth k-analytic curves and classi�ction of their points as presented, for ex-

ample, in [Ber90, Chapter 4] and [Ber93, Section 3.6]. A comprenhensive study of k-analytic

curves is presented in the upcoming book [Duc] to which we will often refer.

One of the indispensable tools to understand the structure of quasi-smooth k-analytic curves

is the notion of triangulation. We warn the reader here that for the sake of simpli�cation of

the statements, we will consider punctured open discs to be open annuli, which di�ers from

the standard terminology.

De�nition 2.5. A triangulation of a quasi-smooth k-analytic curve X is a locally �nite set

T of points of type 2 and 3 in X such that X \ T is a disjoint union of open discs and open

annuli.

Every quasi-smooth k-analytic curve admits a triangulation [Duc, Théorème 5.1.14]. How-

ever, in light of Section 3.1, to study the number of components of rami�cation locus, we will

focus on the following class of quasi-smooth k-analytic curves: �nite curves.
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De�nition 2.6. We say that a quasi-smooth k-analytic curve X is �nite, or �nitely triangu-

lated if X admits a �nite triangulation.

Remark 2.7. Let X be a quasi-smooth k-analytic curve and T be a triangulation of X. For

each t ∈ T , among the connected components of X \ T whose closures contain t, there can

only be �nitely many open annuli. This follows for instance from the description of bases of

neighborhoods of points (see [Duc, Théorème 4.5.4]).

In particular, if X is �nite, then there are only �nitely many connected components of

X \ T that are open annuli.

We have the following characterization of �nite curves. The case where X is strictly k-

analytic and k has characteristic 0 is [Boj, Theorem 1.4.2]. Our proof follows the same

strategy.

Theorem 2.8. A connected k-analytic curve X is �nite if and only if it is isomorphic to a

complement of �nitely many type 1 points, closed and open discs in some smooth projective

k-analytic curve X ′.

Proof. Suppose that X is a complement in a smooth projective k-analytic curve X ′ of union

of elements in sets P , O and C, where P is a �nite set of type 1 points, O is a �nite set of open

discs in X ′ and C is a �nite set of closed discs in X ′. We may assume that the elements of

the sets P , O and C are disjoint. For each p ∈ P , let Dp be an open disc in X ′ that contains

p. Up to shrinking those discs, we may assume that they are disjoint and disjoint from all

the discs in O and C. Let S be the union of the set of endpoints in X ′ of the open discs Dp,

for p ∈ P , and the open discs in O and with the set of Shilov points of the closed discs in C.

Let S ′ be a triangulation of X ′ that contains S and has an empty intersection with the discs

Dp, for p ∈ P . We can always achieve this by starting with any triangulation S ′′ of X ′ that
contains S and deleting the points that belong to Dp.

We claim that S := S ′ ∩X is a �nite triangulation of X. Indeed, the set S ′ ∩X is a �nite

set of type 2 and 3 points since it is a subset of S ′. Let U be a connected component of X \S.
By the construction of X and S, if U is disjoint from the discs Dp, for p ∈ P , then it is a

connected component of X ′ \ S ′, hence an open annulus or an open disc. On the other hand,

if there exists p ∈ P such that U meets Dp, then we have U = Dp \ {p}.
For the other direction, let X be a �nite k-analytic curve. We may assume that it is

connected. If C has isolated points, there C is reduced to a type 3 point and the result holds.

As a consequence, we may assume that C has no isolated points.

Let T be a �nite triangulation of X. Let C be a connected component of X \ T that is not

relatively compact in X. If it is isomorphic to an open disc, then we have X = C and the

result holds.

We may now assume that each connected component of X \ T that is not relatively com-

pact in X is isomorphic to an open annulus. Each of these connected components may be

compacti�ed by adding a point of type 1 or a closed disc. By Remark 2.7, there are only



RAMIFICATION LOCUS OF MORPHISMS OF BERKOVICH CURVES 7

�nitely many such components, hence the curve X itself may be compacti�ed to a curve X0

by adding �nitely many points of type 1 and closed discs.

Let x be a type 3 point in the boundary of X0. By assumption, it is not isolated, hence,

by [Duc, Théorème 4.3.5], it has a neighborhood isomorphic to a semi-open annulus A with

∂(A) = {x}. By glueing an open disc to X0 along the boundary of A, we obtain a curve X0x

with ∂(X0x) = ∂(X0)\{x}. By applying this process repeatedly, we get a compact connected

curve X1, obtained from X by adding �nitely many points of type 1 and closed or open discs,

with no type 3 points in its boundary. It follows that X1 is strictly k-analytic.

By [Duc, Corollaire 6.1.4], X1 is either projective or a�noid. In the former case, we are

done, while in the latter, a result of Van der Put (see [VdP90, Theorem 2.1]) ensures that

we can get a projective curve from X1 by adding �nitely many open discs. This �nishes the

proof. �

In particular, it follows that the following classes of curves are �nite:

• Compact quasi-smooth k-analytic curves. The fact that they admit triangulations

together with compactness implies that they admit �nite triangulations. If such a

curve is connected, then it is either a�noid or projective by [Duc, Corollaire 6.1.4].

• Complement of a �nite nonempty family of closed discs and rational points in a smooth

projective k-analytic curve. We will call these curves wide open curves, although a

wide open curve is classically a curve which is a complement of �nitely many strict

closed discs in a smooth projective k-analytic curve. Note that the class of wide open

curves does not contain projective k-analytic curves, but analyti�cations of smooth

a�ne k-algebraic curves are in this class.

2.2.1. Boundary annuli. If X is a �nite curve, we will commonly refer to the annuli which

are not relatively compact in X and which are not connected components of X as boundary

annuli.

We divide boundary annuli in classes by saying that two boundary annuli A1 and A2 belong

to the same class if A1 ⊆ A2 or A2 ⊆ A1. We denote the set of classes of boundary annuli by

E0(X) and its cardinality by e0(X). For v ∈ E0(X), we will write Av for a boundary annulus

belonging to the class v.

2.2.2. Boundary of a curve. If X is a quasi-smooth k-analytic curve, we refer to [Ber90,

Section 2.5] and [Ber93, De�nition 1.5.4] for the de�nition of its boundary ∂(X).

Note that, if X is �nite, then its boundary ∂(X) is �nite. If X is a�noid, then the

boundary ∂(X) coincides with the Shilov boundary of X. We denote the latter set by Sh(X).

2.2.3. Topological genus of �nite curves. The skeleton of an open (resp. closed) annulus A is

the subset of points that have no neighborhoods isomorphic to a disc. It is an open (resp.

closed) interval. We denote it by ΓA.

Similarly, given a quasi-smooth k-analytic curve X and a triangulation T of X, we may

form the skeleton of X with respect to T (or induced by T ), denoted by ΓT (X), by taking the



8 VELIBOR BOJKOVI� AND JÉRÔME POINEAU

complement of all the open discs in X not intersecting T . In di�erent words, ΓT (X) consists

of the triangulation T and the skeleta of all the open annuli which are connected components

of X \ T .
In general, any subset Γ of X such that Γ = ΓT (X), where T is a triangulation of X, will

be called a skeleton of X.

Assume that ΓT (X) meets every connected component of X. For each x ∈ X \ ΓT (X),

the connected component of X \ ΓT (X) containing x is an open disc whose boundary point

belongs to ΓT (X). We denote the latter by rT (x). For each x ∈ ΓT (X), we set rT (x) = x.

Then, the map rT : x ∈ X 7→ rT (x) ∈ ΓT (X) is a deformation retraction.

Assume that X is a �nite curve. Then, the corresponding skeleton ΓT (X) has a natural

structure of �nite topological graph, with V (ΓT (X)) = T . Note that E(ΓT (X)) is the set of

skeleta of connected components of X \ T which are open annuli.

De�nition 2.9. The topological genus of X, denoted by gt(X), is the the �rst Betti number

of the underlying topological space of X.

Note that we have

gt(X) = g(ΓT (X)).

To prove this, one may assume that X is connected. If ΓT (X) is nonempty, the formula

follows from the existence of the retraction rT . If ΓT (X) is empty, then X is an open disc

and the result is obvious.

By Lemma 2.2, we deduce that we have

gt(X) = #π0(X)−#T + e(ΓT (X))− e0(ΓT (X)).

This expression will be used in several places in the article.

We also note that the map sending a boundary annulus to its skeleton induces a bijection

between the set of boundary annuli of X and the set of open ends of ΓT (X). In particular,

we have e0(ΓT (X)) = e0(X).

The following lemma corresponds to Lemma 2.3.

Lemma 2.10. Let W be a �nite curve and let S be a �nite set of type 2 and 3 points in W .

Then, the open subset V := W \S has only �nitely many connected components which are not

open discs. Denoting them by V1, . . . , Vm, we have
m∑
i=1

(1− gt(Vi)− e0(Vi)) = π0(W )− gt(W )− e0(W )−#S.

Proof. Let us �rst prove that there are indeed only �nitely many components of V which are

not open discs. To this end, let S be any �nite triangulation of W which contains S.

The points of S \S being contained in �nitely many connected components of V \S, there
are only �nitely many connected components of V \ S which are not connected components

of V \ S. Since there are only �nitely many connected components of V \ S which are not

open discs, the same result holds for V \ S.



RAMIFICATION LOCUS OF MORPHISMS OF BERKOVICH CURVES 9

We continue the proof of lemma. Let S be a su�ciently big �nite triangulation of W

such that S contains S and S ∩ Vi is non-empty for each i = 1, . . . , t. Denote by V the set

of connected components of W \ S that meet S. Note that, for each V ∈ V, S ∩ V is a

triangulation of V . If we denote by ΓS the skeleton of W with respect to S and by ΓS∩V the

skeleton of V with respect to S ∩ V , then the connected components of ΓS \ S are the ΓS∩V ,

for V ∈ V. It now follows from Lemma 2.3 that∑
V ∈V

(1− gt(V )− e0(V )) = π0(W )− gt(W )− e0(W )−#S.

If V ∈ V is not one of the Vi's, then V is an open disc, hence gt(V ) = 0 and e0(V ) = 1.

The result of the lemma follows. �

2.3. Compatible skeleta and triangulations.

De�nition 2.11. Let f : X → Y be a �nite morphism of quasi-smooth k-analytic curves.

We say that skeleta Γ1 of X and Γ2 of Y are f -compatible if Γ2 = f(Γ1) and Γ1 = f−1(Γ2).

Similarly, we say that triangulations S of X and T of Y are f -compatible (resp. strictly

f -compatible) if T = f(S) and S = f−1(T ) (resp. T = f(S) and S = f−1(T ) and no two

adjacent points in S are mapped to the same point in T ).

We note that if S and T are f -compatible triangulations of X and Y , respectively, then

the property that ΓS and ΓT are f -compatible is slightly �ner than the strict f -compatibility

of S and T . For a trivial but illustrative example we may take f : X → Y to be a �nite

morphism of an open annulus to an open disc, and put S = T = ∅.
For a given �nite morphism f : X → Y of quasi-smooth k-analytic curves there exist f -

compatible skeleta as well as strictly f -compatible triangulations containing any given �nite

sets of type two and three points in X and Y . This can be fairly easily deduced from the

existence of triangulations of quasi-smooth k-analytic curves (see [ABBR15, Corollary 4.26]

or [CTT16, Section 3.5.11]). It is also related to the stable reduction of �nite morphisms (for

this aspect see [ABBR15, Section 5] and references therein).

Even more, if Y and X are �nite curves, then we may choose S and T to be �nite sets.

These facts have many avatars in the literature depending whether we use formal models,

triangulations or skeleta to capture the nice structure of quasi-smooth k-analytic curves.

However, in this article, we are mainly interested in the following, certainly well-known,

consequence. We agree that whenever we speak about compatible triangulations of �nite

curves, the triangulations will be assumed to be �nite as well.

Corollary 2.12. Let f : X → Y be a �nite morphism of �nite curves.

(a) Let S and T be strictly f -compatible triangulations which induce f -compatible skeleta

of X and Y , respectively.

(i) Let A be a connected component of X \ S which is an open annulus. Then, f(A)

is a connected component in Y \T and it is an open annulus. If A is not relatively

compact in X, then neither is f(A) in Y .
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(ii) Let B be a connected component of Y \T which is an open annulus. Then f−1(B)

is a disjoint union of connected components in X \S, all of which are open annuli.

If B is not relatively compact in Y , then neither is any of the components of

f−1(B) in X.

(b) Let x ∈ X be a point and put y := f(x). Then, there exist open neighborhoods Ux of x

in X and Uy of y in Y such that f|Ux
: Ux → Uy is a �nite morphism and y has only

one preimage in Ux.

Proof. (a) If A is an open annulus which is a connected component of X \S, then it is mapped

to a connected component of Y \ T , so f(A) is either an open annulus either an open disc.

But, since A has a nonempty skeleton and ΓS and ΓT are f -compatible, f(A) cannot be an

open disc.

If A is relatively compact, then f(A) has to be relatively compact as well because f is

continuous. If f(A) is relatively compact, then A is relatively compact because f is �nite,

hence proper.

This proves assertions (i) and (ii).

(b) Let V be a compact neighborhood of y in Y . Then W := f−1(V ) is a compact

neighborhood of F := f−1(y) in X. Since F is �nite and X is Hausdor�, for each z ∈ F ,
there exists an open subset Oz of X such that Oz ∩ F = {z}. Set K := W \

⊔
z∈F Oz. It is a

compact subset of X and its image L is a compact subset of Y that does not contain y. The

complement of L in W contains an open neighborhood Uy of y in Y . By construction, the

connected component Ux of f−1(Uy) containing x is contained in Ox, hence Ux ∩ F = {x},
which �nishes the proof. �

2.3.1. Morphisms of boundary annuli. It follows from Corollary 2.12 that, for every v ∈ E0(X),

there exists Av such that f|Av
: Av → f(Av) is a �nite morphism of boundary annuli. More-

over, for each boundary annulus A ⊆ Av, f|A : A→ f(A) is again a �nite morphism of annuli

(see Lemma 3.5).

We consider all the boundary annuli A in X with this property: the restriction f|A : A→
f(A) is a �nite morphism of open annuli. We say that two such annuli belong to the same

class if and only if one of them is a subset of the other. The set of all classes is denoted by

E0
f (X). We note that #E0

f (X) = #E0(X) = e0(X).

2.4. Rami�cation locus.

De�nition 2.13. Given a �nite morphism f : X → Y of quasi-smooth k-analytic curves, we

de�ne the multiplicity of a point x ∈ X as the number

µf (x) :=

{
e, x of type 1 and mf(x) = me

xOf(x),

[H (x) : H (f(x))], otherwise.

We say that x ∈ X is a rami�ed point if µf (x) > 1.
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Let f : X → Y be a �nite morphism of quasi-smooth k-analytic curves. The following

properties of the multiplicity are not di�cult to prove (see [Ber93, Section 6.3]).

For every point y ∈ Y , we have the equality

deg(f) =
∑

x∈f−1(y)

µf (x).

The multiplicity of a point x ∈ X is the maximal integer n such that for every neighborhood

U of x there exists a point y ∈ Y such that y has n inverse images in U . In fact, one may

choose y to be a rational point in Y .

Finally, by choosing Ux and Uy as in Corollary 2.12 (b), we see that x is a rami�ed point

if and only if f is not an isomorphism in a neighborhood of x, which is more in the spirit of

the classical notion of rami�cation and rami�ed point.

Remark 2.14. The multiplicity of a point in the context of �nite (étale) morphisms of Berkovich

curves was �rst de�ned by V. Berkovich in [Ber93, Section 6.3], where it was named geometric

rami�cation index. Some of its basic properties, together with the ones we listed above are

stated in Remarks 6.3.1. in loc.cit. .

A closely related function is the following.

De�nition 2.15. For a point x ∈ X, the rami�cation indicator function δm is de�ned as

δm(x) :=

{
0 if µf (x) = 1;

1 otherwise.

More generally, for a k-analytic subset U of X, such that f|U : U → f(U) is a �nite morphism,

we de�ne

δm(U) :=

{
0 if deg(f|U ) = 1;

1 otherwise.

Note that, for v ∈ E0
f (X) and any open annulus Av in the class v, the degree of the

morphism f|Av
only depends on v and not on Av, so it makes sense also to use the notation

δm(v) for δm(Av).

Finally, we de�ne the main object of study of this paper.

De�nition 2.16. Given a �nite morphism f : X → Y of quasi-smooth k-analytic curves, we

de�ne the rami�cation locus of f to be the set Rf := {x ∈ X | µf (x) > 1}.
If U is a k-analytic subset of X such that f|U : U → f(U) is a �nite morphism, we

de�ne rf (U) to be the cardinal of the set of connected components of the rami�cation locus

Rf|U = U ∩ Rf . Also, we denote by r′f (U) the number of the connected components of

Rf|U = U ∩Rf which are relatively compact in U .

Remark 2.17. Note that we have rf (U) 6 r′f (U) +
∑

v∈E0(U) δm(v).
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3. Number of components of the ramification locus

We brie�y set up some notation that will be used in the following sections. We denote by

D(a, r−) (resp. D(a, r)) the open (resp. closed) disc center at a point a ∈ k and of radius r.

Similarly, we denote by A(a; r1, r2) (resp. A[a; r1, r2]) the open annulus (resp. the closed

annulus) centered at a ∈ k of inner radius r1 and outer radius r2.

We denote by r(z) the radius of a point z ∈ D(a, r). If r(z) < r, then, for each ρ ∈ (r(z), r),

we denote by ηz,ρ the unique point in D(a, r) of radius ρ which is on the canonical path from

z to the Shilov point of the disc D(a, r). Similarly, for ρ ∈ (r1, r2) (resp. ρ ∈ [r1, r2]), we

will denote by ηa,ρ the unique point of radius ρ which is on the skeleton of A(a; r1, r2) (resp.

A[a; r1, r2]).

3.1. In�nite number of components of the rami�cation locus. The next example

shows that the number of components of the rami�cation locus may be in�nite if we do not

restrict ourselves to the class of �nite curves.

Our strategy is the following. We start with a curve and a generically étale cover with non-

empty rami�cation locus. We can arrange that the original curve has (at least) two unrami�ed

open ends. We then take countably many copies of it and construct a new curve by glueing

one unrami�ed end of one copy to the other unrami�ed end of the next one. The cover

naturally extends to the new curve and its rami�cation locus has in�nitely many connected

components.

Assume for simplicity that the characteristic of the residue �eld k̃ is di�erent from 2 (we

invite the reader to construct a similar example if char(k̃) = 2) and let f ′ : A′ → B′ be a

Kummer map of degree 2 between closed annuli. Due to our assumptions on the characteristic

of the residue �eld, the rami�cation locus of the morphism f ′ is given the skeleton Γ of A′,

so that for every open disc D in A′, the restriction f ′|D is an isomorphism.

Let D1 and D2 be two distinct connected components of B′ \ ΓB′ . They are isomorphic to

the open unit disc. Let D1
c and D

2
c be closed subdiscs of D1 and D2 respectively such that the

annuli C1 := D1 \D1
c and C

2 := D2 \D2
c are isomorphic. Note that f ′ is a local isomorphism

above C1 and C2.

Let E1,+ and E1,− (resp. E2,+ and E2,−) be the connected components of f ′−1(C1) (resp.

f ′−1(C2)). They are annuli. For each j ∈ {1, 2} and each σ ∈ {−,+}, f ′ induces an isomor-

phism ϕj,σ : Ej,σ
∼−→ Cj .

We set B := B′\(D1
c∪D2

c ) and A := f ′−1(B). We denote by f : A→ B the �nite morphism

induced by f ′. We note that the rami�cation locus of f is still Γ. The reader may refer to

Figure 1 for a visualization of the morphism f (The rami�cation locus Γ is represented with

a ticker line).

For each i ∈ N, we now consider a copy of the previous construction. We denote the

corresponding objects with a subscript i: Ai, Bi, Γi, fi, etc. We also choose an isomorphism
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Figure 1. Skeletal representation of the morphism f : A→ B.

γi : C1
i+1

∼−→ C2
i such that the image of a sequence in D1

i+1 approaching the skeleton of Bi+1

goes away from the skeleton of Bi.

We now construct a quasi-smooth k-analytic curve Y by identifying, for each i ∈ N, the
annulus C1

i+1 in Ai+1 with the annulus C2
i in Ai via γi. Similarly, we construct a quasi-

smooth k-analytic curve X by identifying, for each i ∈ N, the annulus E1,+
i+1 in Bi+1 with the

annulus E2,+
i in Bi via β+

i := (ϕ2,+
i )−1 ◦ γi ◦ ϕ1,+

i+1 and the annulus E1,−
i+1 in Bi+1 with the

annulus E2,−
i in Bi via β

−
i := (ϕ2,−

i )−1 ◦γi ◦ϕ1,−
i+1. The gluing process is represented in Figure

2.

Figure 2. Gluing of the morphisms fi : Ai → Bi and fi+1 : Ai+1 → Bi+1.

By construction, the family of morphisms (fi)i∈N induces a �nite morphism ϕ : X → Y

(Figure 3). The rami�cation locus of the latter has in�nitely many connected components,

each of them being the image of some Γi by the embedding Ai ↪→ X. Note that these images
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do not meet. Also remark that the curve X is not �nite since it contains in�nitely many

�loops�.

Figure 3. Induced morphism (after gluing) ϕ : X → Y .

One may also construct an example of a �nite morphism with in�nitely many connected

components in the rami�cation locus by considering some cover of the open disc D(0, 1−),

with coordinate T , of the form S2 = F (T ) for some well chosen F ∈ O(D(0, 1−)). We refer

to [Tem15, Exercise 6.1.3.5] for some more details.

3.2. Morphisms of discs and annuli.

Lemma 3.1. Let f : D1 → D2 be a �nite morphism of open discs. Then, for every open

(resp. closed) disc D′ ⊂ D1, f|D′ : D′ → f(D′) is a �nite morphism of open (resp. closed)

discs. For every open (resp. closed) disc D′′ ⊂ D2, f−1(D′′) is a disjoint union of open

(resp. closed) discs.

Proof. This is a standard fact proved using valuation polygon of the function f expressed in

suitable coordinates on D1 and D2, hence we omit the details. �

Lemma 3.2. Let f : D1 → D2 be a morphism of open or closed discs. Let z ∈ D1 be a

point of type 4. Then, there exists a closed disc D in D1 containing z such that the map µf

is constant along the interval joining z to the boundary of D.

Proof. By Corollary 2.12 (b), there open neighborhoods Uz of z in D1 and Uf(z) of f(z) in

D2 such that f|Uz
: Uz → Uf(z) is a �nite morphism and f(z) has only one preimage in Uz.

Let D be closed disc in Uz containing z. Let t be a point of type 2 or 3 on the interval

joining z to the boundary of D. There exists a unique disc Dt in Dz that contains z and whose

Shilov boundary is reduced to t. By Lemma 3.1, the induced morphism f|Dt
: Dt → f(Dt) is

a morphism of closed discs. It follows that f−1
|Dt

(f|Dt
(t)) = {t}. Note that, by choice of D, we

also have f−1
|Dt

(f|Dt
(z)) = {z}. Using the properties of the multiplicity function stated after

De�nition 2.13, we deduce that

µf (t) = deg(f|Dt
) = µf (z).

�
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Lemma 3.3. Let f : D1 → D2 be a morphism of open or closed discs. For each z ∈ D1, the

map µf is nondecreasing along the interval joining z to the boundary of D1.

In particular, if deg(f) > 1, then Rf (D1) is nonempty and connected.

Proof. We assume that the discs are closed, the other case reducing to this one by exhausting

open discs by closed discs and using Lemma 3.1.

Let us identify D1 and D2 with closed discs D(0, r) and D(0, rd), so that we have �xed

their radii once and for all. Let z ∈ D1(k) and let Tz : D1
∼−−→ D(0, r) be a coordinate

on D1 which sends z to 0. Similarly, let Sf(z) : D2
∼−−→ D(0, rd) be a coordinate on D2

which sends f(z) to 0. Let Sf(z) = fz(Tz) =
∑

i≥0 aiT
i
z be the representation of f in these

coordinates. We claim that, for ρ ∈ (0, r), the right slope of the valuation polygon of fz(Tz)

at − log ρ is µf (ηz,ρ). Indeed, the right slope tells us what is the number of zeros, counted

with multiplicities, of the function fz(Tz) with valuation less or equal to log ρ, and this is

precisely the degree of the morphism f|D(0,ρ) : D(0, ρ) → f(D(0, ρ)). By the same argument

as in the proof of Lemma 3.2, we deduce that

µf (η0,ρ) = deg(f|D(0,ρ)).

Since the valuation polygon of fz(Tz) is a convex, nondecreasing function, the result holds

when z is a point of type 1. Since points of type 2 and 3 in D1 belong to intervals joining

points of type 1 to the boundary of D1, the result holds for them too. We deduce it for points

of type 4 by using Lemma 3.2.

Let us prove the last part of the statement. Assume that deg(f) > 1. Denoting by ηD1 the

Shilov boundary of D1, the previous discussion shows that we have

µf (ηD1) = deg(f),

which ensures that Rf (D1) is nonempty.

Let z, z′ ∈ Rf (D1). Denote by Iz (resp. Iz′) the interval joining z (resp. z′) to ηD1 . Since

µf (z) > 1, the �rst part of the lemma shows that Iz belongs to Rf (D1), and similarly for Iz′ .

The result now follows from the fact that Iz and Iz′ meet. �

Corollary 3.4. Let f : X → Y be a �nite morphism of quasi-smooth k-analytic curves and

let D be an open disc in X attached to a point x ∈ X and such that f|D : D → f(D) is a

�nite morphism of open discs. If deg(f|D) > 1, then x is a rami�ed point. In particular, x

and Rf (D) belong to the same connected component of the rami�cation locus Rf (X).

Proof. Let us put y := f(x) and let Ux and Uy be open neighborhoods of x and y, respectively,

which satisfy the conditions of Corollary 2.12 (b). Under this assumption, we have

µf (x) = deg(f|Ux
).

Since Ux meets D, we have deg(f|Ux
) > deg(f|D) > 1, hence x is rami�ed.

Moreover, Lemma 3.3 ensures that Rf (D) is connected and meets Ux. Since Ux may be

chosen as small as we want, it follows that x belongs to the closure of Rf (D), hence to the

same connected component of the rami�cation locus. �
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Lemma 3.5. Let f : A1 → A2 be a �nite morphism of open or closed annuli. Then, we have

f(ΓA1) = ΓA2, f
−1(ΓA2) = ΓA1 and the induced map f|ΓA1

: ΓA1 → ΓA2 is one to one.

Moreover, for each sub-annulus A′1 of A1 such that ΓA′1 ⊆ ΓA1, the image f(A′1) is a

sub-annulus of A2 with Γf(A′1)) ⊆ ΓA2 and we have f−1(f(A′1)) = A′1.

Proof. Again, this is standard and proved using valuation polygons arguments. We refer to

[Boj, Lemma 1.6.1] for a detailed proof in the strictly k-analytic case. �

Lemma 3.6. Let f : A1 → A2 be a �nite morphism of open or closed annuli. If deg(f) > 1,

then Rf (A1) is connected and contains the skeleton of A1.

Proof. Assume that deg(f) > 1. By Lemma 3.5, for each x ∈ ΓA1 , we have f
−1(f(x)) = {x},

hence µf (x) = deg(f) > 1. It follows that ΓA1 ⊆ Rf (A1).

Let y ∈ Rf (A1) \ ΓA1 . Let Dy be the connected component of A1 \ ΓA1 containing y. It is

an open disc with a unique endpoint z in A1. Note that z belongs to ΓA1 . The image of Dy

is the connected component Df(y) of A2 \ ΓA2 containing f(y). In particular, this image is

an open disc. Moreover, Dy is a connected component of f−1(Df(y)), hence the morphism

f|Dy
: Dy → Df(y) is �nite. Since y is rami�ed, we have deg(f|Dy

) > 1 and Corollary 3.4

ensures thatRf (Dy) and z belong to the same connected component ofRf (A1). In particular,

y and ΓA1 belong to the same connected component of Rf (A1). The result follows. �

Arguing as in the proof of Corollary 3.4, one gets the following result.

Corollary 3.7. Let f : X → Y be a �nite morphism of quasi-smooth k-analytic curves. Let

A be an open annulus in X attached to a point x ∈ X and such that f|A : A → f(A) is a

�nite morphism of open annuli. If deg(f|A) > 1, then x is rami�ed. In particular, Rf (A) and

x belong to the same connected component of the rami�cation locus Rf (X).

3.3. Main results.

Theorem 3.8. Let f : W → V be a �nite morphism of �nite k-analytic curves with no proper

connected components. Then, we have

r′f (W ) ≤ #∂(W ) + e0(W ) + gt(W )−#π0(W ) +
∑

w∈∂(W )

δm(w),

hence

rf (W ) ≤ #∂(W ) + e0(W ) + gt(W )−#π0(W ) +
∑

w∈∂(W )

δm(w) +
∑

w∈E0f (W )

δm(w).

Proof. We may assume that W and V are connected. Let S and T be strictly f -compatible

triangulations of W and V , respectively (see De�nition 2.11), such that ΓS and ΓT are f -

compatible. We argue by induction on #T .
If #T = 0, then #S = 0 and this is possible only if W and V are simultaneously open

annuli or open discs, and these cases are subject of Lemmas 3.3 and 3.6 (We cannot have

a �nite morphism of an annulus to a disc and empty triangulations because we asked that

triangulations induce f -compatible skeleta).
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Suppose that #T > 0 and that the theorem holds for every �nite morphism of �nite, non-

projective curves f ′ : W ′ → V ′, where W ′ and V ′ admit strictly f ′-compatible triangulations

S ′ and T ′, respectively, with ΓS′ and ΓT ′ f -compatible, such that #T ′ < #T .
The �rst step of the proof is to suitably partitionW and V according to the triangulations S

and T . For this, let A be the family of boundary open annuli in V \ T , that is, A is the �nite

set of all connected components in V \ T that are open annuli and which are not relatively

compact in V . Similarly, let A′ be the set of boundary open annuli in W \ S. (If W and V

are compact, then A and A′ are empty.) By Corollary 2.12, A′ is exactly the set of connected

components of the f−1(A)'s, with A running through A.
Let T ′1 be the set of endpoints of annuli in A and let T1 ⊂ T be the union of T ′1 and ∂(V ).

Similarly, let S ′1 be the set of endpoints of annuli in A′ and let S1 ⊂ S be the union of S ′1 and

∂(W ). Note that S1 = f−1(T1), S ′1 = f−1(T ′1 ) and ∂(W ) = f−1(∂(V )).

For each w ∈ S ′1, let A′w be the set of boundary annuli in W \ S with endpoint w. Let

S ′′1 ⊂ S ′1 be the set of those points w ∈ S ′1 that are the endpoints of exactly one boundary

annulus in W \ S.
Finally, we put V0 := V \

⋃
A∈AA and W0 := W \

⋃
A′∈A′ A

′. The morphism f restricts

to a �nite morphism f0 : W0 → V0 of a�noid curves and, by construction, S and T is a

pair of strictly f0-compatible triangulations of W0 and V0, respectively. We also note that

gt(W0) = gt(W ).

By Lemma 2.10, there are only �nitely many connected components W1, . . . ,Wt of W0 \S1

which are not isomorphic to open discs. For each i = 1, . . . , t, Vi := f(Wi) is a connected

component of V0\T1 andWi is a connected component of f−1(Vi). We denote by fi : Wi → Vi

the �nite morphism induced by f .

Let R0 be the set of relatively compact connected components of the rami�cation locus Rf
that are disjoint from S1. Let R0 ∈ R0. It is contained in some connected component U of

W \ S1 and it is necessarily relatively compact in it (as the rami�cation locus is closed and

the boundary of U belongs to S1). Therefore, by Corollaries 3.4 and 3.7, U can neither be an

open disc nor an open annulus (and in particular, not a boundary annulus). It follows that it

is one of the Wi's. It follows that

#R0 6
t∑
i=1

r′fi(Wi).

Let R1 be the set of relatively compact connected component of the rami�cation locus Rf
that meet S1. Let R1 ∈ R1. Note that it cannot contain any point w ∈ S ′′1 . Indeed, if it

were the case, denoting by A′w the unique boundary annulus with endpoint w, we would have

deg(f|A′w) = degw(f) > 1 and Corollary 3.7 would prevent R1 from being relatively compact.

It follows that

#R1 6
∑

w∈S1\S′′1

δm(w).
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Finally, we deduce that

r′f (W ) ≤
t∑
i=1

r′fi(Wi) +
∑

w∈S1\S′′1

δm(w).

To continue the proof, we note that, by induction hypothesis, for each morphism fi :

Wi → Vi, the result of the theorem holds, as S ∩W i
j and T ∩ Vi are strictly fi-compatible

triangulations with corresponding skelta f -compatible and #(T ∩ Vi) < #T . Hence, we have

r′fi(Wi) ≤ e0(Wi) + gt(Wi)− 1.

Using Lemma 2.10 for W0 and S1, we deduce that

r′f (W ) ≤
t∑
i=1

(e0(Wi) + gt(Wi)− 1) +
∑

w∈S1\S′′1

δm(w)

≤ gt(W0)− 1 + #S1 +
∑

w∈S1\S′′1

δm(w)

≤ gt(W0)− 1 +
∑

w∈S1\S′′1

(δm(w) + 1) + #S ′′1

≤ gt(W0)− 1 +
∑

w∈∂(W )

(δm(w) + 1) +
∑

w∈S′1\S′′1

(δm(w) + 1) + #S ′′1 .

To �nish the proof, it is enough to note that, for each w ∈ S ′1 \ S ′′1 , we have δm(w) + 1 ≤ 2 6

#A′w and that

e0(W ) =
∑
w∈S′1

#A′w =
∑

w∈S′1\S′′1

#A′w + #S′′1 .

�

Remark 3.9. The result is only interesting when f is generically étale (and similarly for all

that follow). Indeed, if W is connected and f is inseparable, then we have Rf (W ) = W .

We list below two particular cases of the previous theorem.

Corollary 3.10. Let f : W → V be a �nite morphism of wide open curves. Then, we have

r′f (W ) ≤ e0(W ) + gt(W )−#π0(W ),

hence

rf (W ) ≤ e0(W ) + gt(W )−#π0(W ) +
∑

v∈E0(W )

δm(Av).

Corollary 3.11. Let f : W → V be a �nite morphism of quasi-smooth k-a�noid curves, and

let Sh(W ) be the Shilov boundary of W . Then, we have

rf (W ) ≤ #Sh(W ) + gt(W )−#π0(W ) +
∑

w∈Sh(W )

δm(w).

For �nite morphisms of smooth, projective k-analytic curves, we have the following result.
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Theorem 3.12. Let f : W → V be a �nite morphism of smooth projective k-analytic curves.

For each connected component C of V , let vC ∈ C be a point of type 1, 2 or 3 and let n(vC)

be the number of components of Rf (W ) that intersect f−1(vC). Then, we have

rf (W ) ≤ gt(W )−#π0(W ) +
∑

C∈π0(V )

(#f−1(vC) + n(vC)).

In particular, we have

rf (W ) ≤ gt(W )−#π0(W ) + #π0(V ) deg(f).

Proof. We may assume that W and V are connected and will write v instead of vV . Similarly

as before, let W1, . . . ,Wt be all the connected components of W \ f−1(v) that are not open

discs. We note that, for each i, Wi is a �nite curve with no proper connected components and

that f|Wi
: Wi → f(Wi) is a �nite morphism. By Corollary 3.4, we have

rf (W ) ≤
t∑
i=1

r′f (Wi) + n(v).

Using Corollary 3.10 and Lemma 2.10, we �nd

rf (W ) ≤
t∑
i=1

(gt(Wi) + e0(Wi)− 1) + n(v)

≤ gt(W )−#π0(W ) + #f−1(v) + n(v).

Let us now prove the second formula. If f is inseparable, then we have rf (W ) = 1 and the

result holds. If f is generically étale, there exists a point v ∈ V of type 1 that is split. In this

case, we have #f−1(v) = deg(f) and n(v) = 0 and the result follows. �

Remark 3.13. If we specialize our result to the case where W = V = P1
k, the last formula

gives rf (W ) 6 deg(f)− 1, and we recover [Fab13a, Theorem A].

Corollary 3.14. Let f : W → V be a �nite morphism of smooth projective k-analytic curves.

If V is connected and if there exists a totally rami�ed point (i.e. a point with only one

preimage), then we have

rf (W ) ≤ gt(W ) + 1.

Proof. Assume that V is connected and that there exists a totally rami�ed point. Note that

this forces W to be connected. By Lemma 3.2, there exists a totally rami�ed point v ∈ V
that is of type 1, 2 or 3. The result now follows from Theorem 3.12, using the fact that

#f−1(v) = n(v) = 1. �

Remark 3.15. If we specialize our result to the case where W = V = P1
k and there exists a

totally rami�ed point, we get rf (W ) 6 1, and we recover [Fab13a, Theorem C].
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