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ABSTRACT

We deal with locally free &'x-modules .# with connection over a Berkovich curve X. As
a main result we prove local and global criteria proving the finite dimensionality of the
de Rham cohomology of .%. Together with a global index formula.

This is a first draft, we plan to improve the exposition, also by adding some examples

and applications.
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INTRODUCTION

In this paper we prove the finite dimensionality of the de Rham cohomology of a large class of p-adic
differential equations over Berkovich curves. Moreover, we obtain a global index formula relating
the index of the differential equation to its global irregularity, that we define in term of the slopes
of the global radii of convergence of the equation as defined in [Ball0], [Ked13], [Pull2], [PP12],
[PP13].

Major contribution to the finiteness of the de Rham cohomology in this context are [Ado76],
[Dwo82], [CM93], [CM97], [CM00], [CMO01], [Rob75], [Rob76], [Rob8&84], [Rob85]. For references con-
cerning rigid cohomology related to the present paper we refer to the introduction of [Ked06], and
related bibliography.

As firstly observed by Bernard Dwork (cf. [Dwo82]), and largely exploited by Philippe Robba (cf.
[Rob84]), the major tool for the study of p-adic differential equations is the radius of convergence
of the differential equation. One of the crucial contributions of Robba has been to relate the index
of a p-adic differential operator with rational coefficients to the slopes of the radius of convergence,
as a function, by means of a Grothendieck-Ogg-Shafarevich formula (cf. [Rob84] and [Rob85]). The
program indicated by Robba has been subsequently completed by Gilles Christol and Zoghman
Mebkhout (cf. [CM93], [CM97], [CMO00], [CMO1]).

From the point of view of rigid cohomology, differential equations are a category of coefficients
for a good cohomological theory of an algebraic variety of characteristic p > 0.

The approach of this paper (and also [Pull2], [PP12], [PP13]) is different. We deal with the de
Rham cohomology of any locally free &'x-module .# endowed with a connection V, where X is a

quasi-smooth K-analytic Berkovich curve. We call the couple (%, V) a differential equation over
X.

This category of differential equations is abelian, and it covers the class of differential equations
studied in the rigid cohomology. Namely the equations coming from rigid cohomology are subjected
to some conditions:

i) They always have over-convergent coefficients. In the sense of Berkovich this means that X is a
compact curve embedded into a projective curve X, and that .% is defined over an unspecified
open neighborhood U of X in X.

ii) By the fact that they have a Frobenius action, they are subjected to certain solvability con-
ditions about their radii of convergence at the boundary of X. This means that the radii of
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convergence of their solutions are all maximal at these points, and hence on the whole curve
X. The only region where these radii are possibly not maximal is along U — X i.e. along the
“over-convergent boundary” of X.

We remove both these assumptions from the picture, and we work with general differential equations
over X. These equations have a further geometrical datum which is (almost) trivial for equations
coming from rigid cohomology: a controlling graph

I's(#) ¢ X (0.1)

inside the Berkovich curve X. Roughly speaking this is defined as the locus of points that do not
belong to any open disk on which the radii of convergence are all constant functions.! In [Pull2]
and [PP12] we have proved that I'g(.%) is a locally finite connected graph such that X — I'g(.%) is
a disjoint union of open disks, and that the radii of convergence are all continuous functions on X
having the property that they are constant on the connected components of X — I'g(.%#).

As showed by Robba the variation of the radii (i.e. their slopes) along I'g(.%#) is highly related to
the dimension of the local and global de Rham cohomology of .#. In the case of differential equations
coming from rigid cohomology the information is all contained at the “over-convergent boundary” of
X. In the general case we have an extremely richer situation, because the graph I'g(X), containing
the information, is much more complex.

As firstly observed by Robba [Rob75] and Dwork-Robba [DR77], if we are in a neighborhood of
a Berkovich point z € X, then .% splits locally at x, into a decomposition separating its solvable
radii from the smaller one. In this decomposition Robba observed (cf. [Rob75]) that the local de
Rham cohomology of the non solvable part is zero: “non solvable differential equation locally do not
have cohomology” .

On the other hand over-convergence is unavoidable because solvable equations over a curve with
boundary usually have infinite dimensional de Rham cohomology. As an example the derivation
acting on the ring of functions over a closed disk has infinite dimensional cokernel, since the formal
primitive of a function fails to converge on the closed disk. But if one restricts the study to differential
equations that are spectral non solvable at the boundary of X, then over-convergence is unnecessary
to have finite dimensionality. So we allow the boundary in our setting under a non solvability
assumption on it.

Now consider the equation .# from a global point of view over the Berkovich curve X. Recall that
to recover the over-convergence setting of rigid cohomology it is enough to work over an individual
open neighborhood of X in X. Even though its radii are not solvable at the boundary of X, its
cohomology is highly non trivial. We prove in fact that its global index takes into account the local
indexes of .# at the boundary points of I'g(.%), and at the points of I's(.#) where the radii have
some breaks. We are hence induced to give the following

DEFINITION 1 (cf. Def. 3.4.1). We say that T's(.F) is essentially finite if it contains only finitely
many points x such that at least one of the following condition is realized:

i) some of the radii have a break at x,
x € 0X,

ii)
iii) x is a point of positive genus,
)

iv) is a bifurcation point of T'g(X).

'In this introduction we remove from the picture the complications arising from the choice of the triangulation S. We
only give the general image.
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We then obtain the following result relating the essential finiteness of I's(.%) to the finiteness
of the dimension of the de Rham cohomology:

THEOREM 1 (cf. Thm. 3.4.5). Le X be a quasi-smooth K-analytic Berkovich curve, and let F be a
differential equation over X. Assume that

i) Z is free of Liouville numbers over X,
ii) T's(F) is essentially finite,
iii) The radii of F are spectral non solvable at the points of the boundary 0X of X.

Then the de Rham cohomology of F is finite dimensional.

The Liouville condition means that the restriction of .# to all open annuli in X is free of Liouville
numbers in the sense of Christol-Mebkhout (cf. [CM93], [CM97], ...). We prove that it is enough to
test the Liouville condition on a locally finite family of annuli with skeletons in I'g(.#) (cf. Lemma
3.3.7).

We notice that if I'g(.#) is essentially finite then it is topologically finite (i.e. I's(.%) is a finite
union of intervals), but not necessarily finite as a graph (i.e. having a finite number of edges).

This assumption moreover implies that X is a curve with finite genus in the sense of Q. Liu
[Liu87], so that X is either projective or quasi-Stein. The projective case is well known, so we focus
on the quasi-Stein case.

THEOREM 2 (cf. Thm. 3.6.4). Under the assumptions of Theorem 1, if X is not projective, then the
index of F is expressed by the following formula of Grothendieck-Ogg-Shafarevich type:

X(X,.#) = rank(%) - x(X) — Irrx (F) . (0.2)

In this formula we have
X(X) = 2-29(X) - N(X). (0.3)
where ¢g(X) is the genus of X in the sense of [Liu87], and N(X) is a topological invariant of X

which roughly represents the maximal number of germs of open segments in X that are not relatively
compact in X. We call it the “open boundary of X” (see section 3.5).

The quantity Irrx (%) represents the global irregularity of .%. It is given by a sum of local terms:
part of these terms are the slopes of the radii at the open an closed boundaries of X, here noted
by seg(S#), in analogy with the index formula of Christol-Mebkhout. The other local terms are
related to the number of segments of I'g(.%#) that are incident upon the (closed) boundary of X (cf.
Definition 3.6.2):

rx(7) = (Y x@.S7)) rank(F) = Y GHy(— Fim,) - (0.4)
x€0X beseg(Sz)

The proof of Theorem 1 goes as follows. From the essential finiteness of I's(.#) we construct an
finite open covering of X, where the cohomology if finite dimensional, then we inductively apply a
Mayer-Vietoris lemma to deduce the finite dimensionality of the global de Rham cohomology.

The proof of Theorem 2 results from an analysis of the Cech resolution of .%, of such a covering.
The only terms of the covering that contribute to the index are those open subsets that are small
neighborhoods of the points having at least one of the properties listed in Definition 1.

If X is compact, or more generally if X is relatively compact into a larger curve on which .% is
defined, the essential finiteness of I'¢(.#) is automatic (as a consequence of [Pull2], and [PP12]).

4
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In particular this is the case of rigid cohomology, by the over-convergence assumption. So we have
a large class of equations that fulfill the theorem.

In the general case, there are several differential equations for which I'g(:#) is not essentially
finite. The radii of these equations presents infinitely many breaks as one approaches the “open
boundary” of X. These equations do not admits a finite covering on which the cohomology is finite,
so a straightforward application of Mayer-Vietoris Lemma is not possible.

As a converse of Theorem 1 we provide criteria to prove that their cohomology is actually infinite
dimensional.

THEOREM 3 (cf. Thm. 3.7.4). Assume that X is not projective, that it has finite genus g(X), and
that it admits a weak triangulation S whose skeleton I's is topologically finite (cf. Def. 1.1.2). Let
F be a differential equation free of Liouville numbers over X, with no solvable radii at the boundary
0X of X. The following conditions are equivalent:

i) I's(.#) is essentially finite;
ii) the de Rham cohomology of F is finite dimensional;

iii) for all germ of segment b at the open boundary of X, the radii of .F have a finite number of
breaks along b.

The proof is a limit process coming from [CMO00]. We approach X by a countable sequence
X1 C Xy C--- C X of affinoid domains in X, and we prove a limit formula

X(X, 7) = limx(Xy, Zx,) - (0.5)
More precisely we have
WX, F) = @HQR(XTL:%X") (0.6)

and the maps Hip (X, %) — HYx (Xn, Z|x,,) are all surjective for all n large enough. So the de Rham
cohomology of X is finite dimensional if and only if the sequence of dimensions of HéR(Xn, Z1x,)
stabilizes for all n large enough.

The proof of these results (even locally around a point) are not straightforward consequence of
the finite dimensionality of rigid cohomology. Indeed essential ingredients are the finiteness results
of [Pull2], [PP12], and also the decomposition results of [PP13].

Structure of the paper.
In section 1, we provide basic definitions about curves, and radii of convergence.

In section 2 we deal with the local cohomology of a differential equation at a Berkovich point. We
generalize several local results to the non solvable case. The finiteness of I'g(.%) is systematically
employed to reduce to the case of classical rigid cohomology over a tube Vg(z,.7) canonically
attached to (x,.%#), which is roughly the union of all the disks in X, with boundary point x, on
which the radii of .# are all constant.

In section 2 we also deal with the technical problem of super-harmonicity of the partial heights
of the convergence Newton polygon. We know since [Pull2] and [PP13], that there are potentially a
locally finite set €s,(.%) of pathological points in X such that super-harmonicity fails. The super-
harmonicity at these points is important because it improves the global bound on the size of I's(.%),
obtained in [PP13, Cor. 7.2.5] (cf. Cor. 2.8.8). We here obtain such a super-harmonicity at the
pathological points under some technical assumptions. More precisely we have the following result,
whose central point of the proof is Dwork’s dual theory (cohomology with support):

5
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THEOREM 4 (cf. Thm. 2.8.6). Assume that the residual field of K has characteristic p > 0. Let F
be a differential equation over X or rank r. Let x € €s,(F), let Dy be the closed disk in X —T'g
with boundary x, and let V- = Vg(x, F). Assume that

i) the canonical inclusion HgR(Dl, F) CHOR(VT,.F) is an equality;
ii) the radii of F are compatible with duals;
iii) # is free of Liouville numbers at x (cf. Def. 2.7.11).
Then for all i =1,...,r the partial height Hs;(—,.%) is super-harmonic at x.

In section 3 we deal with global cohomology.

Note. This is a first draft. It appears clearly that several cohomological notions (as cohomology
with supports, and its duality with the cohomology without supports) should follow from the results
of this paper. We plan to add some parts with those applications.

Acknowledgments. This work finds its genesis in some discussions we had with Francesco Bal-
dassarri, who was expecting the existence of a link between the finiteness of the controlling graphs
and the finite dimensionality of the de Rham cohomology. We thank him heartily for sharing these
inspiring ideas. We also thank Yves André, Gilles Christol, Richard Crew, Kiran S. Kedlaya, Adri-
ano Marmora, Nicola Mazzari, Zoghman Mebkhout, Bertrand Toén, and Nobuo Tsuzuki for helpful
discussions.

1. Definitions and notations

In this section we give definitions and notations that are used in the sequel of the paper. All
definitions comes from [PP13], we only provide the essential vocabulary.

Let K be an ultrametric complete valued field of characteristic 0. Let p be the characteristic of

its residue field k (either 0 or a prime number). We denote by K28 the completion of an algebraic
closure K of K.

Setting 1.0.1. Let X be a quasi-smooth K-analytic curve endowed with a weak triangulation S as
in [PP12]. Without loss of generality from now on we assume that X is connected.

By a differential equation or differential module over X we mean a coherent Ox-module %
endowed with an (integrable) connection V. .# is automatically a locally free &x-module of finite
rank. The category of locally free of finite rank &'x-modules with connection is an abelian category.
We refer to [PP13] for the main properties of such objects.

1.1 Curves
Here we introduce some definitions and notations that will be frequently used in the paper.

Notation 1.1.1. Let A}gan be the Berkovich affine line with coordinate T. Let L be a complete
valued extension of K and ¢ € L. We set

D+(c R) = {z e AJ™||(T - ¢)(z)| < R}, R>0 (1.1)
Dy (c,R) = {z € Ay™||(T - ¢)(z)| < R}, R>0 (1.2)

CH(e; R, Ry) = {x € Ay | Ry < |(T—¢)(a)| <R}, Ra>Ri>0 (1.3)
Cr(e R, Ry) = {x € A)™ | Ry < |(T—¢)(a)| < R2}.  Ra>Ry>0 (1.4)

6
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If D C A}:’an is a disk, we denote by &(D) the ring of analytic functions on D. If D = D; (¢, R),
then

o(D) = {Zan(T — )", ap € L, liman|p" =0, ¥ p < R} . (1.5)

n=0

1.1.1 Branches, germ of segments and sections. Let X be a curve as in Setting 1.0.1. The
Berkovich space X is naturally endowed with a graph structure (cf. [Duc]). By a closed segment
[z,y] C X we mean the image in X of an injective continuous path [0,1] — X with initial point =
and end point y. We also call segments the images |z, y[, |z, y], [z, y[ of |0, 1], ]0, 1], [0, 1] respectively.
In this case we say that the segments are open, or semi-open. By convention a segment is never
reduced to a point nor to the empty set.

A germ of segment b out of x € X is an equivalence class of open segments |z, y[ given by
|, y1[~]x, y2| if and only if there exists z such that ) #|x, z[C|x, y1[N]x, y2[. By abuse we often write
b =]z, y[ instead of |z, y[€ b.

A section of a germ of segment b out of x in X is a connected open subset of U of X containing
such an annulus C (resp. D — {z}), if z is of type 2 or 3 (resp. 1 or 4), and such that x belongs to
the closure of U in X, but not to U itself.

We refer to [Duc] for the definition of a branch. Roughly speaking a branch out of x corresponds
to a direction out of x. Germs of segments out of x correspond bijectively to branches out of z.
They will often be denoted by the same symbol b. By a section of the branch b, we mean a section
of the corresponding germ of segment.

1.1.2 Slopes. Let b be a germ of segment out of € X, let |z, y[ be a representative of b, and let
F : [z,y] — R be a continuous function. If it has a meaning, we use the symbol 9,F(x) to indicate
the log-slope at x of F' along b. We refer to [PP13, 1.1.4] for the definition.

1.1.3 Graphs. The reader can find in [Duc, 1.3.1] the definition of a graph. A single point and
the empty set are graphs. We say that a germ of segment b out of x belongs to a graph I' C X if b
is represented by a segment |z, y[C I'. A point x € T" is a bifurcation point if there is more than two
germs of segments out of x belonging to I'. A point x € I' is an end point of I if there is no open
segments |z, y[ in X such that x €]z, y[C T.

In this paper by a locally finite graph we mean a closed connected subset I' C X such that

i) Each point z € I' admits a neighborhood U in X such that ' N U is a finite union of segments
and points;

ii) X — I is a disjoint union of virtual open disks.

All the graphs of this paper are locally finite.

Definition 1.1.2. Let I' C X be a locally finite graph.
We say that T' is topologically finite if I' is homeomorphic to a finite union of real intervals.
We say that T' is finite as a graph if it has a finite number of edges.

A graph which is finite as a graph, is also topologically finite. The converse is not true. A locally
finite graph which is topologically finite is not necessarily finite as a graph (e.g. an interval, having
an infinite number of vertex and edges).

1.1.4 Weak triangulations. Following [Duc, Section 4] and [PP12, Section 2.1], a weak triangu-
lation of X is a locally finite subset S C X, formed by points of type 2, and 3, such that X — S is a

7
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disjoint union of virtual open annuli and virtual open disks. The skeleton I'g of S is then the union
of S and the skeletons of the open annuli that are connected components of X — S.

Remark that the empty set is a triangulation of a virtual open annulus or virtual open disk.

1.1.5 Star-shaped neighborhoods. A connected open neighborhood (affinoid neighborhood V')
U of a point x € X of type 2 or 3 will be called star-shaped if {z} (resp. {z} U V) is a weak
triangulation of U (resp. V).

1.1.6 quasi-Stein spaces. Let us recall the definition of a quasi-Stein space (see [Kie67, Defini-
tion 2.3]).

Definition 1.1.3 (quasi-Stein). A k-analytic space X is said to be quasi-Stein if there exists a
countable admissible covering (X,)n=0 of X such that

1) Xn - Xn+1;'

ii) X, is an affinoid domain of Xp41;

iii) the map O(Xp4+1) = O(X,,) has dense image.

Let us now recall the main properties of those spaces (see [Kie67, Satz 2.4]).

Theorem 1.1.4. Let X be a k-analytic quasi-Stein space. Let F be a coherent sheaf on X .
i) For every q > 1, we have H1(X, %) = 0.
ii) For every x € X, the stalk %, is generated by F(X) as an Ox z-module.

Corollary 1.1.5. Let X be a k-analytic quasi-Stein space. The functor F — T'(X,.F) from locally
free sheaves of Ox-modules of finite rank to projective 0(X )-modules of finite rank is an equivalence
of categories preserving the rank.

Proof. Starting from a projective &x-module M of rank n, we may associate to it a locally free
sheaf M of rank n. This defines a functor that is a quasi-inverse to that of the statement. The proof
relies on the second statement of Theorem 1.1.4. O

Remark 1.1.6. We recall that by a result of Q.Liu [Liu87] every curve with finite genus over a
spherically complete base field is either projective, or quasi-Stein.

Remark 1.1.7. As it will appear useful later we recall the following evidences:

i) The map O(X,41) — O(X,,) is injective by analytic continuation,
ii) The map O(Xp4+1) = O(X,,) is K-linear and continuous, hence also uniformly continuous.

iii) Each 0(X,) is Banach, hence a Fréchet space. Moreover €(X) is also Fréchet since by defi-
nition of the Berkovich sheaf Ox one has

oX) = I'Lmﬁ(Xn) . (1.6)
So O(X) is projective limit of a countable family of Banach spaces, hence Fréchet.

1.1.7 Open boundary of X.

Definition 1.1.8 (Open pseudo-annulus). We say that the curve X is an open pseudo-annulus if
it satisfies the following properties:
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i) X has no boundary,
ii) X has no points of positive genus,

iii) the set of points that have no neighborhood isomorphic to a disk is an open interval T’

For any minimal weak triangulation S of X, we have I's =T'. We call I the skeleton of X.

Remark 1.1.9. By [Liu87, Prop. 3.2/, if K is non trivially valued, algebraically closed, and spher-
ically complete, such a pseudo-annulus X can be embedded into the affine line. So X is either an
open annulus, or X =Y — {y}, where Y is either the affine line or a disk, and y € Y is a rational
point.

Without using the result of [Liu87], we can however prove that a pseudo-annulus is quasi-Stein.

Namely let T' be the skeleton of X. It is homeomorphic to an open interval. Consider a non
empty triangulation S of X such that I's = I'. Consider the canonical retraction r: X — T.

Let I be a closed interval inside I'. It contains a finite subset T of S. By [Duc, 5.2.2.3], S\ T is
still a triangulation of X. We deduce that I is an interval inside the skeleton of an annulus, hence
r~1(I) is a closed annulus.

From the previous argument, it follows that X may be written as an increasing union of closed
annuli. We deduce that X is quasi-Stein.

We now define the open boundary of X. Consider the set Z of maps ]0,1[— X such that :

i) the map is an homeomorphism of ]0, 1] onto its image I;
ii) I is the skeleton of a pseudo-annulus X’ such that X — X’ is connected;

iii) I is not relatively compact in X.

We define an equivalence relation ~ in Z by saying that two maps are equivalent if the intersection
of their images I1 N I is again the image of a map in Z.

Definition 1.1.10 (Open boundary). We call open boundary of X the set
°X = (Z/)~). (1.7)

of equivalence classes by the above equivalence relation. We call germ of segment at the open
boundary of X an element of (Z/~). If the cardinality of the open boundary is finite we denote it
by

N(X). (1.8)

As an example, if X is an annulus N(X) = 2, if it is a disk N(X) = 1.

Lemma 1.1.11. If the curve X admits a weak triangulation S such that I'g is topologically finite,
then the cardinality of the open boundary is finite.

Proof. If we express I'g as a finite union of real intervals, then there are a finite number of such
intervals that are not relatively compact in X (i.e. their closure in X is not compact). Up to
subdivide each interval into two sub-intervals, we can assume that each non relatively compact
interval I of that union is semi-open. Under this convention, one sees that the interior of a non
relatively compact interval of that union is the skeleton I of a well defined pseudo-annulus in X,
defining an element of the open boundary of X. This correspondence is clearly a bijection with the
open boundary of X, which is then finite. O
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1.1.8 Euler characteristic of X. We now define the Euler characteristic x(X) of X. Recall that
for all point x € X of type 2, we denote by g(z) the genus of the residual curve at x (cf. [PP13,
6.2.12], [Duc, 4.2.11.1]). If x is a point of type 3 or 4, its genus is 0 by definition (recall that a point
of type 3 (resp. 4) always admits an open neighborhood in X isomorphic to an open annulus (resp.
disk)). Notice that x (X)) is insensitive to scalar extension of K, so points of type 4 do not play any
role here.

The genus of an arbitrary quasi-smooth k-analytic curve has been defined by Q. Liu in [Liu87,
Définitions 1.4 et 1.5]. We state it in different terms, which are more suitable to our setting.

Definition 1.1.12. If X is k-affinoid, and if S is a finite weak triangulation of X, we define the
topological FEuler characteristic of X as

Xtop(X) := Card(S) — Es , (1.9)

where Eg is the number of edges of I's and S the set of its vertexes. We also define the genus of X
as

g(X) == D g(x) + 1 = xtop(X) - (1.10)
zeS
Those quantities do not depend on the choice of the triangulation S.

In general, we set
Xtop(X) = sup{xiop(Y) | Y affinoid domain of X} (1.11)
and
9(X) = sup{g(Y) | Y affinoid domain of X} . (1.12)
We say that the curve X has finite genus if g(X) < +00.

If X is an analytic domain of an algebraic curve, then its genus is finite. Moreover if the curve X
is projective and geometrically connected, by [Liu87, Proposition 1.5], the quantity g(X) coincides
with its genus.

Definition 1.1.13. Let S be a weak triangulation of X. For all x € S we denote by Ng(x) the
number of germ of segments out of x belonging to I's, and

x(x,8) = 2—2g(z) — Ng(X) . (1.13)

Lemma 1.1.14 (Compare with [PP13, Lemma 7.2.1]). Let S be a non-empty weak triangulation of
X. Assume that the skeleton I'g is topologically finite, the genus g(X) is finite, and that there are
a finite number of points of positive genus in X. Then the number

X) = i .S 1.14
x(X) dim, ,X(x ) (1.14)
S’ finite z€s
1s finite and independent of S, and it is equal to

xX(X) = 2-29(X) - N(X). (1.15)
Proof. Let by, ..., by, be the germs of segment at the open boundary of X. We construct a sequence
of affinoid domains (Y;), is X such that
i) X =U,Y,;
ii) for all n we have X — Y, = U" A, ;, where, for all i, A, ; is a pseudo-annulus corresponding
to bl';
iii) S, :=95NY, is a weak triangulation of Y,,.

10
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One sees that for all n we have g(Y,,) = g(X), since the genus of a point close to the open boundary
of X is always 0.

Let Eg, be the number of edges of I'g,, C Y,, between points of S;,. We have

> (2-2g(x) - Ng(2)) = =2 > g(z) +2Card(S,) — 2Eg, — N(X). (1.16)
x€S, x€S,
By (1.10) we conclude. O

1.2 Radii

In this section we recall the definition of the radii of convergence of a differential equation over X
following [Pull2], [PP12] and [PP13]. The properties listed here are extracted from [PP13], where
one can find a more extensive treatment.

Without explicit mention of the contrary, we assume everywhere that the curve X is endowed
with a weak triangulation S.

Definition 1.2.1. Let € X. The map # (7 (x)) — X lifts canonically to a map M (F(x)) —
X w(z) by the universal property of the Cartesian diagram X y(p)/H () — X/K. We denote by
ty € Xyp(q) the H(x)-rational point so obtained.

We fix once for all a large complete valued field extension €2/K containing (isometrically) the
fields 7 (x), for all x € X (this is possible by [PP13, |). We denote by D(z) € Xq the maximal
open disk centered at ¢, whose image in X is reduced to z.

The weak triangulation S of X can be canonically lifted into a weak triangulation of Xgq, still
called S, (cf. [PP12]), and we denote by D(z,S) C Xq the maximal disk centered at ¢, such that
D(z,S)NS =10.

Choose an isomorphism D(z, S) = Dg, (0, R) sending ¢, at 0. By a result of M. Lazard (cf. [Laz62]

and [Chr12, Ch.II, Section 4.4]) the restriction Z of F to D¢, (0, R) is free of rank r = rank(.%,).
Denote by

RE(z) > 0 (1.17)
the radius of the maximal open disk centered at 0 and contained in D¢, (0, R) on which the connection
of .% admits at least r — ¢ + 1 horizontal sections that are linearly independent over 2.

Definition 1.2.2 (Multiradius). We call multiradius of . at x the tuple
Rs(x,F) = (Rsi(x, F),...,Rsy(z,F)) (1.18)
where, for every i, one has Rg;(x, ) = 'R?Z(ZL')/R €10,1].
The definition only depends on z and (%, V). Each Rg;(x,.#) is the inverse of the modulus (cf.
[PP13, 1.1.2]) of a well defined sub-disk Dg;(x,.#) C D(x,S), centered at t,:
0 # Dg1(x,#) C Dgo(x,#F) C --- C Dg,(z,#) C D(z,S). (1.19)

Remark 1.2.3. Let S, S’ be two weak triangulations of X. IfT's = T/, then Rg(—, F) = Rg/(—, F).
Indeed the disk D(x,S) only depends on T'g.

Definition 1.2.4. Leti € {1,...,r}. We say that the indez i separates the radii of # at z € X if
either i =1 or if Rgi—1(x, #) < Rg,i(z,.#). We say that i separates the radii of .Z if it separates
the radii of & at all x € X.

11
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We say that the i-th radius Rg;(z,.%) is

spectral if Dg;(z,.#) C D(z),
solvable if Dgi(xz,#) = D(x), (1.20)
over-solvable if Dg;(z,.#) D D(z).

Solvable radii are spectral by definition. We also say that the index i is spectral, solvable, over-
solvable.

Remark 1.2.5. For a radius R ;(x,.F) being spectral non solvable is an intrinsic property, since
it does not depend on the choice of S (cf. [PP13, 2.8.1]). The same is true for being “solvable or
oversolvable”, but the fact of being over-solvable highly depends on S. QOuver- solvable radii can be
solvable with respect to another triangulation.

Definition 1.2.6. We denote by 0 < P < isxOI < r the indexes such that
i) Rs,i(z,F) is spectral non solvable for i < iz,
ii) Rgi(w, F) is solvable for iy < i < i,

iii) Rsi(x, F) is over-solvable for is®' < i.

We call iyf and i;f’l the spectral and over-solvable cutoffs respectively.

If i5°! = 0 (resp. i5°! = ), then all the radii are over-solvable (resp. spectral). If 35" = 0 (resp.
is” = 1), then all the radii are solvable or over-solvable (resp. spectral non solvable). If i3 = 5°1,

then .# has no solvable radii.

Definition 1.2.7 (Convergence Newton polygon). We call convergence Newton polygon of % at
x € X the epigraph of the unique continuous convex function hy : [—oo,r[— Rxo satisfying

i) hy(0) =0, and hy(i) — hy(i — 1) = —log(Rsp—iy1(z, F)), for alli=1,...,r;
ii) For alli=1,...,r the function hy is affine over [i — 1,i], and constant on | — 00, 0].

In other words it is the polygon whose slopes are —log Rg,(x, #) < --- < —logRg,1(x, F). For
alli=1,...,r the numbers hy(i) = >>"_, ;.| —logRs,;(v, F) are called the partial heights of the
polygon.

The following definition is convenient for technical reasons concerning the super-harmonicity
properties. It agrees with the conventions of [Pull2, Section 4.3].

Definition 1.2.8 (Reversed Newton polygon). We call reversed convergence Newton polygon of .#
the polygon whose slopes are logRs1(x, ) < --- <logRg,(x,.F).

Let i < r =rank(F). We call i-th partial height of # the function

Hgi(x,.7) = [] Rsjlx,F). (1.21)

G=1,i
With the notations of Def. 1.2.7 one has In(Hgi(z,.%)) = ha(r —i+ 1) — hy(r).

Definition 1.2.9 (Vertex free of solvability). We say that i = 1,...,r is a vertex at x, of the
reversed convergence Newton polygon, if i =r, or if i + 1 separates the radii at x. We say that i is
a vertex free of solvability at x if i moreover none of the indezes j € {1,...,i} is solvable at x.

Proposition 1.2.10 (integrality of the partial heights). Let x € X, and let b be a germ of segment
12
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out of x. For alli=1,...,r, the slopes of Hg;(—,.%#) along b belong to the set
1 1
ZU=-ZU---U-=-Z. 1.22
UgZU--U- (1.22)

Moreover ifi =1 or if Rgi(z,.7) < Rsiy1(x, F) (i.e. if i is a vertex of the reversed polygon), then
8(,H57i($,9) e Z. O (1.23)

1.3 Controlling graphs
In [Pull2] and [PP12] we obtained the following result.

Theorem 1.3.1 ([Pull2],[PP12]). For alli=1,...,r the functions x — Rg;(x,.F) are continuous.
Moreover there exists a locally finite graph I' C X such that for all i the radius Rs;(—,.F) is
constant on every connected components of X —T'.

The curve X — I'g is disjoint union of virtual open disks.

Definition 1.3.2. Let T be a set, and let f : X — T be a function. We call S-controlling graph
(or S-skeleton) of f the set U's(f) of points x € X that admit no neighborhoods® D in X such that
i) D is a virtual disk;
ii) f is constant on D;
iii) DNTg =10 (or equivalently DNS =10).
In particular T's C T's(f).

Remark 1.3.3. The graph I's(f) is different from the locus defined as the complement of the union
of the open subsets of X on which f is constant. Indeed f can be constant along some segments in
I's(f), and hence on the corresponding annulus in X. This is because the definition involves only
disks on which f is constant, and not arbitrary subsets.

We denote by I'g ;(.#) the controlling graph of the function Rg;(—,.#). By definition
I's C T'si(7) . (1.24)

Hence X —I'g;(#) is a disjoint union of virtual open disks. If X = D is a virtual open disk with
empty weak triangulation, and if Rg;(—,.#) is constant on D, then I'g;(.#) = I's = (). In all other
cases I' ;(.%) is non empty. The controlling graph I's(F) of (#,V) is by definition the union of all
the Fs’i(g)I

Is(F) = |JTsi(F). (1.25)
=1

One has I'g(%#) = 0 if and only if X = D is a virtual disk with empty weak triangulation, and
Rs(—,F) is a constant function on D. An operative description of the controlling graphs is given
in [PP13, sections 6 and 7] .

Proposition 1.3.4 ([PP12, (2.3.1)], [PP13, 2.7.1]). Let S, S" be two triangulations such that I's C
I'g:. Then for alli=1,...,r one has

Reri(w, #) = min( 1, fos(@) Rsi(z, ) ), (1.26)

where fs g+ X — [1,+00[ is the function associating to x the modulus fs g(x) = 1 of the inclusion
of disks D(z,S") C D(x,S). O

ZNote that D(z) is not a neighborhood of z in X.

13
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Proposition 1.3.5 ([PP12, 3.3.1],[PP13, 2.7.2]). Let S, S’ be two triangulations such thatT's C I'gr.
Then

T i(F) = Ty UTg(F). 0 (1.27)

Proposition 1.3.6. Let Y C X be an analytic domain. Let Sx and Sy be triangulations of X and
Y respectively such that (I's, NY) CTg, . Ify €Y, then for alli=1,...,r we have

RSy,i(y7y|Y) = min( 1 ) fS’x,SY (y) 'RSx,i(yagz) ) ) (128)

where fsy sy 1Y — [1,400] is the function associating to y € Y the modulus fsy s, (y) = 1 of the
inclusion D(y,Sy) C D(y, Sx). Hence

FSy,i(JOZ\Y) = (FSX,i(y) N Y) U FSy . O (1.29)

1.4 Weak super-harmonicity of Hg;(z,.%).
Definition 1.4.1. We define inductively a sequence of locally finite sets
Cs1(F) C ... C Cs.(F) C X (1.30)

as follows. Let Xy := (), and for 2 < i < r let X; be the locally finite set of points v € X —I'g
satisfying

i) Rsi(—,.F) is solvable at x;
ii) x is an end point of I's;(F);
i) x € (Uj:L...,iFS,j(f)) NTsi(F)NTs(Hsi(—, F)).”
Define
. (F) = |J v (1.31)

G=1,i
In the sequel if no confusion is possible we write €s; := €s,i(F) for short.

We refer to [PP13, 6.2.5] for the definition of dd°Hg;(z, F).
Theorem 1.4.2 (weak super-harmonicity). Let x € X. If it is of type 2, assume that it satisfies the
condition (TR) of [PP13, 6.2.17]. Leti € {1,...,r}.
i) If x € TgNInt(X), then
dd°Hg;(z, F) < (29(z) — 2+ Ng(z)) - min(s, i5P). (1.32)
i) If x ¢ (SU€s,), then
dd°Hg(z,.F) < 0. (1.33)
Moreover equalities hold in (1.32) and (1.33), if i is a vertex free of solvability at x (cf. Def. 1.2.9).

2. Local measure of the irregularity at a Berkovich point

In [PP13, Rk. 5.5.4 and section 5.7] we have seen that the Christol-Mebkhout Newton polygon of
a solvable differential equation over the Robba ring equals the derived of the convergence Newton
polygon. In particular the irregularity of such an equation (which is defined as the height of the
Christol-Mebkout Newton polygon) coincides with the slope of the height Hg ,(—, .%#) of the reversed
convergence Newton polygon.

3Here T's(Hs,;(—,.F)) have been defined in Def. 1.3.2.
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The Grothendieck-Ogg-Shafarevich formula for an over-convergent isocrystal (cf. [Rob84], [Rob84],
[CMO97], [CMO0], [CMO1]) describes the index as the sum of the Euler characteristic of the variety
multiplied by the rank of the crystal, plus the sum of the irregularities of the equations at the
singularities of the isocrystal. In the sense of Berkovich the sum of the irregularities is the negative
of a certain Laplacian of Hg,(—,.%) (after a convenient localization, cf. Thm. 2.7.13). The negative
of the Laplacian

—dd°Hg,(x,.F) (2.1)
is then related to the local measure of the irregularity at x.

It seems to us important to prove that the sum of the local irregularities at x is a non negative
integer, that is the function Hg, (x,.#) is super harmonic at x:

— dd°Hg, (2, 7) > 0. (2.2)

The fact that this number is an integer is clear from Proposition 1.2.10, and it is supposed to be
related to the local ramification filtration of the Tannakian group attached to the fiber functor at
x.* This is one of the motivations of this section. The other motivation is to slight extend the result
of Christol and Mebkhout (cf. [CMO00], [CMO01]) about the finite dimensionality of the de Rham
cohomology, in order to cover the case of non solvable differential modules. In section 3 in fact we
obtain a global finite dimensionality result together with a global Grothendieck-Ogg-Shafarevich
formula (i.e. index formula) that constitutes a global analogue of Robba’s (local) measure of the
irregularity (cf. [Rob84], [Rob85]).

Points that belongs to the boundary of X behave as if some branches out of them were missing.
In this case —dd°Hg,(x,.#) does not contain “the entire information”. So we bound our study to
the points of Int(X).

On the other hand we have already proved in Theorem 1.4.2 that we have super-harmonicity
outside a locally finite subset of X which is included in the union of S, 0X, and the set €s,(.%)
(cf. Definition 1.4.1). In particular if none of the indexes i = 1,...,r is solvable at z € Int(X) we
have

dd°Hg,(z,7) = 0. (2.3)

The default of harmonicity comes then from the solvability. Theorem 1.4.2 shows that we do not
have super-harmonicity at the points of S. It remains to study the situation at a point of €5, (.%).
Such a point does not belongs to I'g, hence it always have a maximal disk as an open neighborhood,
so we are reduced to working in the affine line.

In this section we deal with that problem by considering the local cohomological situation
underling to the formula given in Theorem 1.4.2. We translate in our context the index formula
of Robba [Rob85] and Christol-Mebkhout [CMO1], and relate it to the Laplacian dd°Hg,(z, #). A
straightforward application of these result shows that, locally around z, the formula of Theorem
1.4.2 comes from a local Grothendieck-Ogg-Shafarevich formula under certain classical assumptions
concerning Liouville numbers.

Surprisingly enough, the classical conditions of non Liouville exponents, and the local Grothendieck-
Ogg-Shafarevich formula, are not enough to obtain super-harmonicity (2.2) at the points of €s (%)
(see Thm. 2.8.6). We also need some extra conditions. In particular we need a compatibility condi-
tion between the radii of .# and of its dual, in analogy with the condition of [PP13, 5.4.1, 5.4.3],
where an analogous condition implies a direct sum decomposition.

“Note that such a filtration only exists locally (i.e. for the Tannakian group of the category of differential equations
over Ox ), since a filtration of the global Tannakian group would imply a global decomposition theorem separating
the radii at « which is false.
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Finally we notice that the cohomological results of this section are not entirely straightforward
consequence of the index results of Christol and Mebkhout. Indeed the finiteness of the radii (cf.
[Pull2], [PP12], Theorem 1.3.1) is used to guarantee that the number of singular directions of .#
out of x is not infinite (cf. Definition 2.2.2). And the decomposition theorems of [PP13], in their
local form, are a crucial step.

2.1 Tubes and over-convergence.

In this section we give some definitions imitating the rigid cohomology setting.

Definition 2.1.1 (Elementary tube). Let x € X. An elementary tube V centered at x is one of the
two kind of domains:

i) V is an affinoid domain of X, containing x, such that V- — {x} is a disjoint union of open
disks.

i) V=X, and V —{z} is a disjoint union of open disks.

Remark 2.1.2. The usual tubes of rigid cohomology are more complex domains. We here restrict
the definition because this corresponds to our needing.

Remark 2.1.3. If x is a point of type 1 or 4, there is no elementary tubes centered at x, because
there are no disks with boundary x.

If x has type 3, an elementary tube V' centered at x is either reduced to {x}, or a closed disk
having x at its boundary, or X = P}fm andV = X.

If x is of type 2, then V is always an affinoid domain of X, except in the individual case where
x € Int(X) and V' contains all germ of segments out of x. In this case V. = X, because X is
connected.

Definition 2.1.4 (Singular directions). Let © € X, and let V' be an elementary tube centered at x.

There are a finite number of branches by, ..., b, out of x that do not intersect V. We call them
singular directions of x with respect to V :
Sing(z,V) = {b1,...,bn} . (2.4)
If K is algebraically closed we set
Ny (z) := n = Card(Sing(z,V)) . (2.5)
If K is general we set
Ny(z) = Ny_(2). (2.6)

Definition 2.1.5 (Over-convergent functions). Let V' be an elementary tube centered at x € X. We
set

o) = |Jow), (2.7)
VcU
where U runs in the family of all neighborhoods of V in X. We often write 01(V) := ﬁ’}}(V) if no

confusion is possible.

Remark 2.1.6. If V = X one has 01(V) = 0(V). The word over-convergent loose then its mean-
ing. The definition is completely satisfactory only if x € Int(X). In rigid cohomology this is often
fulfilled by embedding V into a projective curve X and considering ﬁTY(V) instead of ﬁL(V).

Remark 2.1.7. Let V' be an elementary tube centered at x € X. A basis of neighborhoods of V' is
16
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formed by star-shaped neighborhoods of x in X containing V' (cf. 1.1.5). Such a neighborhood can

be written as
v (U a)Uv 29

beSing(z,V)

where Cy is a virtual open annulus, which is a section of b (cf. section 1.1.1).

Definition 2.1.8 (Basic neighborhoods). We call basic neighborhood of the elementary tube V,
any neighborhood of V' of the form (2.8).

Definition 2.1.9. If b is a branch out of * € X, and if the connected component of X — {z}
containing b is a virtual open disk, then we denote it by Dy. If x ¢ I's we denote by

D, (2.9)
the closed disk with boundary x.

Remark 2.1.10. Let V' be an elementary tube centered at x. If M is a differential module over
O1(V), then it is defined over some basic neighborhood U of V. Since {x} is always a weak trian-
gulation of U, we may consider the radii

In the sequel M will often be the restriction to 01 (V') of a global differential equation over X, and
we will compare the global radii over X with the radii Rz ;(y,M) (cf. proof of Thm. 2.8.2).

Definition 2.1.11 (Euler characteristic). Let x € Int(X) be a point of type 2, and let V' be an

elementary tube centered at x. If K is algebraically closed, and if by,... by, () are the singular
directions of V', we denote by
X(VT) = x(Co = {b1,- vy )}) = 2 —2g(2) — Ny (2) (2.11)
the Euler-Poincaré characteristic of Cx — {b1, ..., bny ()}
If K is general, we set
X(VT) = x(vio). (2.12)

Remark 2.1.12 (Mittag-Leffler decomposition). Assume that K is algebraically closed. Let X be
the affine line, x := x0,1, and D, := D}(O, 1) be the closed unit disk. Let V C X be an elementary
tube centered at x. Let bs be the direction out of x not in D, (and hence not in V).

Each function of 07(V) can be written uniquely as (cf. [Chr12, Section 3.1])
oo (T) + > So(T) (2.13)
beSing(z,V)—{bo }

where

1) fooo (T) = D120 akpo, TF converges for |T| < 1+ ¢ for some & > 0;

ii) For all b€ Sing(x,V) — {bso}, fo(T) = D gzt arp(T — cp)F converges for |T —cy| > 1 —¢ for
some unspecified € > 0, and cp is such that the open disk Dy centered at ¢, with boundary x,
contains the branch b.

The same happens for any f € O(V) with the difference that foo converges for |T| < 1, and fy
converges for |T — cp| > 1.
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So we have

o) =odmye( P T-a)oEE-D)), (2.14)
beSing(x,V),b#beo
o) =om)e( @ (T-a) 0@ -Dy). (2.15)

beSing(x,V),b#bso

2.2 Canonical local decomposition.

Proposition 2.2.1. Let .F be a differential equation over X, and let x € X be a point of type 2 or
3. The union of {x} with all virtual open disks D, with boundary x, such that D NTg(F) =0, is
an elementary tube centered at x.

Proof. This follows immediately from the locally finiteness of the graph I's(.#) (cf. Thm. 1.3.1). O

Definition 2.2.2 (Canonical tube and singular directions). Let .7 be a differential equation over
X, and let x € X be a point of type 2 or 3. We denote by

Vs(z, 7) (2.16)
the elementary tube centered at x defined in Proposition 2.2.1. We set
Sing(z,.#) := Sing(z, Vs(z, %)) . (2.17)

The following proposition is a direct consequence of the global decomposition theorems [PP13,
5.4.3, 5.4.10, 5.6.14].

Proposition 2.2.3 (Canonical local decomposition). Let x € X be a point of type 2 or 3. There
exists a basic neigborhood U of Vs(x,.F) in X, such that the restriction F|y of F to U admits a
direct sum decomposition

Fr = Do<p<1F|; (2.18)
where gil’;] takes in account the radii of ¥ whose value at x is p.

In particular we have a decomposition

Ty = F5o o F5, (2.19)
where ﬁlém takes in account the radii of # that are spectral non solvable at x, and EEUSOI the larger
radii.” We call (2.19) the canonical local decomposition of .Z. O

2.3 Over-convergent isocrystals.

We continue our analogy with rigid cohomology.

Definition 2.3.1 (Over-convergent isocrystals). Let V' be an elementary tube centered at a point
x € X of type 2 or 3. An over-convergent isocrystal over V is a differential module M over 01(V)
such that

Rigpa(e, M) = 1. (2.20)

Remark 2.3.2. Let M be an over-convergent isocrystal over an elementary tube V' centered at x.
By [PP13, 6.1.4,ii)] it follows that the radii R ;(—, M) are all constant functions over V with
value 1. In particular M is trivial over each disk in V' — {x}. So if M is considered as a differential

5Spectral radii are invariant by localization, and by changing of the weak triangulation (cf. Remark 1.2.5), so we do
not need here to specify the triangulation.
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module over a basic neighborhood U of V', then the branches out of x that belong to T'r5y ;(M) are
exactly those of Sing(x, V). And if U is small enough, one also has
PyiM) =Ty, foralli=1,...,r =rank(M). (2.21)

Remark 2.3.3. Let % be a differential equation over X. If x is a point of type 2 or 3, then

V = Vg(x, %) is an elementary tube centered at x, and the module ﬁlf/sfl of Proposition 2.2.3, is

naturally an over-convergent isocrystal over V.

Remark 2.3.4. If M is an over-convergent isocrystal over an elementary tube V, then
Vipy(z,M) =V, Sing(z, M) := Sing(z, V) . (2.22)
Definition 2.3.5. Let # be a differential equation over X, and let x € X be a point of type 2 or
3. If K is algebraically closed, we denote by
Ng(z,#) = Card(Sing(zx,.7)) (2.23)

the number of singular directions of Vs(x,.%). Namely

o~ | number of branches out of x belonging to I's(#) if xe€T'g(F)
Ng(z, F) = { ] if zdTe(F). (2.24)
If K is general, we denote by Ng(x,.%) the number of singular directions of Vg(z, ﬁ)ﬁg.

Remark 2.3.6. Assume that K is algebraically closed. Let x € Int(X) be a point of type 2. Let
Cr —1{b1,...,bng(z,7)} be the residual curve of Vs(z,#). Hence

o b = | 2729(2) = Ns(x,F) if zels(7)
x(Vs(z, 7)) = { 1 if $¢FS(9)- (2.25)

2.4 De Rham cohomology and index (first properties).

Definition 2.4.1 (De Rham cohomology and Index). Let A be a K-algebra. Let QY be an locally
free A-module of rank one with a derivation d : A — QY with kernel K. Let V : M — M @4 QY be
a differential module, that we often identify to a differential operator V : M — M. If the kernel and
the cokernel of V are finite dimensional K-vector spaces, we say that M has a finite index and we
set

HoR (A, M) := Ker(V), (2.26)
Hig (A, M) := Coker(V), (2.27)
x(M, A) = dimgHIR (A, M) — dimgHig (4, M) . (2.28)

The index of M is by definition the difference x(A,M).

If Y C X is a quasi-Stein analytic domain, if M is an O(Y') module, and if the index exists, we
write

éR(Yv M) = H?iR(ﬁ(Y%M)’ X(Y7M) = X(ﬁ(Y),M) . (2'29)

If V is an elementary tube around x, if M is a differential module over &1(V), and if the index
exists, we set

(VM) = Hig(0T(V), M), x(VEM) = x(67(V), M) . (2:30)
We denote by h'(-,-) the dimension as a K -vector space of H(-,-).

Let .# be a differential equation over the curve X. We call £(F#) : (+++ - 0 —» .F % Ze
Q}( — 0 — ---) the complex of coherent sheaves of groups, where .% is placed at the degree 0.
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The cohomology of .# (resp. the hypercohomology of £(.#)") will be denoted by H'(-,.%) (resp
H'(-,£(F))).

Definition 2.4.2. The de Rham cohomology groups Hip (X, F) of F are by definition the hyper-
cohomology groups H'(X,E(F)) of the complex E(F) .

If X is a quasi-Stein space definitions 2.4.1 and 2.4.2 agrees : Hyr(X, .#) = Hgr(0(X), Z (X)).
The following proposition together with Corollary 2.4.6 provide conditions to have zero index in the
spectral non solvable case.

Proposition 2.4.3. Assume that the curve X is a quasi-Stein space. Let F be a differential equation
over X. Assume that we are in one of the following two situations

Situation 1:

i) Ts £ 0 (i.e. X is not a virtual open disk with empty weak triangulation).

ii) T'g(F) =Tg;

iii) all the radii of .F are spectral non solvable at each point x € T'g(.F).

Situation 2:
i) X = D is a virtual open disk with empty triangulation,
ii) Let I be the germ of segment at the boundary of the disk D. Then the radii of & are all constant
and spectral non solvable over I.
Then
HR (X, #) = HIx(X,.7%) = x(X,#) = 0. (2.31)

Proof. A global solution of .% produces a solution converging on some maximal disk D(x, S), and
hence a solvable or over-solvable radius. So Hig(0(X),.#) = 0. By the equivalence with global
sections we have the equality Hlg (X.7) = Ext’(#*(X), 0(X)) (cf. [Ked10, 5.3.3]). We prove that
Ext!(Z*(X), 0(X)) = 0 by proving that any sequence

0—0X)— EX)—2%(X)—0 (2.32)

splits.

In the situation 1, condition iii) implies that the radii of # and of #* coincide by [PP13, Prop.
6.3.2 and Thm. 5.4.1], while condition ii) implies I'g 1 (F) U --- UT'g;—1(#) C I's;(#) for all i. So
the sequence (2.32) fulfills the assumptions of the decomposition Theorem [PP13, 5.4.10], hence it
splits.

In the situation 2, by [Ked10, 12.4.1] together with the concavity property of the radii [PP13,
Remark 6.1.3] (cf. also [Pull2, Prop. 7.5, Lemma 7.7]), the radii of .# are stable by duality and
constant on D. By [PP13, Prop. 2.9.5] the radii of E are the union of those of .#* and of €, in
particular they are all constant. So by the decomposition Theorem [PP13, 5.4.10] the sequence
splits. ]

Corollary 2.4.4. Assume that the curve X is quasi-Stein. Let F be a differential equation over X .
Assume that i is an index separating the radii of F over X, and that F~; satisfies the assumptions
of Proposition 2.4.3. Then .Z has a finite index over O(X) if and only if F=; has a finite indez,
and we have

H?iR(Xwg\) = HgR(Xa 922) ) HcliR(X7 gi) = H<11R(Xﬂ ‘g}Z) ’ X(X7 9) - X(Xv 9/1) . (2'33)
Proof. Write the snake diagram of V acting on the sequence 0 - %>; — % — Z.; — 0. O
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Corollary 2.4.5. Let V be an elementary tube centered at x, and let M be a differential module
over 0T(V). Assume that

i) the radii R,y ,(—, M) are all spectral and non solvable at x;

ii) the radii of M are all constant functions over V' (i.e. if T3 (M) = {z}).

Then
HiR(VI,M) = Hiz(VI,M) = x(VI,M) = 0. O (2.34)

Corollary 2.4.6. Let x be a point of type 2 or 3. Let F be a differential equation over X, and
let V.= Vg(x, F). Let Fyr = F<ol gy 2250 e the canonical local decomposition of Proposition

\al [V
2.2.3, with V.= Vg(x, F). Then

Hi(VI, 2357 = Hip(VE, 257 = x(vI, 735 = 0. (2.35)

Moreover Fy+ has a finite index if and only if ﬁ"isd has a finite index, and in this case fori = 0,1
we have

(VL Zn) = Hin(VLZ0) . V) = v #37). o
(2.36)

Corollary 2.4.7. Let F be a differential equation over X. Let D C X be a virtual open disk such
that Ts(F)N D = 0. Then F has a finite index on D and Hix (D, F) = 0.

Proof. The radii of # are all constant over D. By corollary 2.4.4, the cohomology of .Z|p equals that
of its trivial sub-module. Since d : &(D) — €(D) is surjective, its connection has zero cokernel. [J

2.5 Equations with log-affine radii over annuli

Let C' := Cp(0;71,r2) be a virtual open annulus with empty weak triangulation. Let .%# be a
differential equation over C' of rank 7.

Definition 2.5.1 (Robba property). We say that the index i € {1,...,r} satisfies the Robba prop-
erty if Ry ;(w0,p,-#) =1, for all p €]r1,raf.

Proposition 2.5.2 (Existence of the Robba part). Let % be a differential equation over C of rank
r. Leti € {1,...,r} be the smallest index satisfying the Robba property. Assume that i separates the
radii of F at the points of the segment |xo,,, o[- Then i separates the radii of F globally over
C. In particular, by [PP13, Thm.5.53.1], F admits a sub-module F=; C .7 .

Proof. By [PP13, 6.1.4] one has Ry ;(x,.#) = 1, for all z € C. One has Ry ,_1(z,#) < 1 for all
r € C. Indeed if Ry, _1(x,#) = 1, then the function Ry, 4(—,-#) is constant on the maximal
disk D(z,S) containing x. By continuity if y is the boundary of D we have Ry ;_;(y,.#) = 1. Since
y = xo,p for some p €]ry, ro[ we have a contradiction. O

Definition 2.5.3. If % fulfills the assumptions of Proposition 2.5.2 we say that F admits a Robba
part, and we call the Robba part of F the sub-module

FRobba . gz (2.37)

Corollary 2.5.4. Assume that the radii {Ry;(—,.#)}i of F are all log-affine on the segment

T0.r1, Tows|. Then FROPPA o o direct summand of F, and both the kernel and cokernel of the
571 372

connection of F | FRPP* are zero. In particular F has a finite index if and only if FRPP has q
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finite index. Moreover for i = 0,1 we have

ar(C, FRP) = Hy (C,.7) . x(C,. 77 = x(C, 7). (2.38)

Proof. Apply Corollary 2.4.4 to the sequence 0 — .FRobba _y g7, g7/ gRobba . ( The affinity
assumption on the radii implies that Ty(F /ZRoPP2) = D =]z .\, 20,1, (cf. [PP13, 5.5.1]). O

Remark 2.5.5. We will prove in Corollary 3.7.1 that if the radii of ¥ are not log-affine over
120,15 T0.rs[, the cohomology of F | FRPP s possibly not zero. Moreover (under some conditions
of non Liouville along the controlling graphs of %) the cohomology is infinite dimensional if the
concave function p — Hy .(x0,,,.-F) has a finite number of slopes for xo, approaching the boundary
of the annulus.

We provide here a first definition of equations free of Liouville numbers, which holds for equations
having log-affine radii along the skeleton of an annulus. This is the first of three definitions, the
second (cf. Def. 2.7.11) is given for differential modules over elementary tubes (it is a local definition).
Finally the the global definition (cf. Def. 3.3.6, and Lemma 3.3.7) will involve the controlling graphs.

Definition 2.5.6 (Equations free of Liouville numbers). Let .# be a differential module over C
whose radii are all log-affine along U'c. We say that F is free of Liouville numbers if the modules
FRobba gnd End(FRPP2) over C satisfy the property (NL) of [CMO1].

A differential module over C' is called unipotent if it can be obtained as successive extension of
the trivial equation. An unipotent equation coincides with its Robba part, and its index is 0.° Each
differential equation over C' admits a largest unipotent submodule.

Theorem 2.5.7 (Christol-Mebkhout’s index theorem for annuli). Assume that
i) the radii {Ry;(—,.Z)}i of Z are alllog-affine on the segment |xor,, o, |,
ii) .7 is free of Liouville numbers.

Then F has a finite index. Moreover if % denotes its largest unipotent submodule, then for all
1 =20,1 one has

‘Rr(C,F) = Hig(C,7%), x(C,F) =x(C,%) =0. (2.39)
In particular if C' C C is an open sub-annulus such that Tcr C T¢, then for all i = 0,1 one has
éR(Cv ﬁ) = éR(Clﬂg)’ X(Ca ﬁ) = X(Clagz) : (2'40)

Proof. By Corollary 2.5.4 we can assume .# = .#1°PP2 The claim is then proved in [CM02, Thm.
12.1] (see also [CM97] and [CMO00]), if the residual chracteristic of K is p > 0, and in [Ked13, 3.7.6]
in the general case. O

Lemma 2.5.8. Assume that F has log-affine radii along T¢. If C' C C' is a sub-annulus such that
I'er C T, and if F is a differential equation over C, then F is free of Liouville numbers if and
only if Fcr is free of Liouville numbers.

Proof. This follows in fact from the definition of the exponents [CM97] or [Ked13, Thm.3.4.16]. O

2.6 Localization of the partial heights to an elementary tube.
We here investigate the behavior of the Laplacian by localization to an elementary tube.

Indeed by [Ked10, 5.3.3] one sees that an unipotent module over a disk is always trivial, since the derivation is
surjective.
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Lemma 2.6.1. Let F be a differential equation over X of rank r. Let x € X be a point of type 2,
3, or4. Let b be a branch out of x, and let Cy be an open annulus which is a section of b. Then

i) If b €Ts, then OyHy, (v, F|c,) = OpHsr(v, F);
ii) If b is contained in a disk Dy with boundary x such that DyNTs=0," then

OuHy,(z, Fc,) = OpHg (2, F) — h(F,Dy) +1; (2.41)

iii) Let x ¢ T's. Let D, € X —I's be the closed disk with boundary x, and let bs is the direction
out of x not in D,. Then

Ono Hy (2, Fic,) = 0y Hsp(x, F) + H(F . DY) — 1. (2.42)

Proof. All the statement are deduced from Proposition 1.3.6. i) is immediate.

ii) The restriction from X to Dy leave unchanged the slopes of the radii along a germ of open
segment |y, [ representing b. While the restriction to Cj, adds +1 to the slopes of the radii corre-
sponding to the indexes i such that Rg;(—, %) is spectral all over |y, z[, and it leaves unchanged
the slopes of the radii coming from the solutions of .# on D, (i.e. the radii Rg;(—,.#) that are
over-solvable over |y, z]).

iii) As above restriction from X to D; leave unchanged the slopes of the radii along b,. Now since
bso 1s directed in the opposite direction with respect to the others branches out of x, the restriction
to Cp adds —1 to the slopes of the radii corresponding to the indexes i such that Rg;(—,.%) is
spectral at x, and it leaves unchanged the slopes of the radii that are over-solvable at x. O

Proposition 2.6.2. Let .Z be a differential equation over X of rank r. Let x be a point of type 2
or 3, and let V := Vg(x, F). Then

i) Ifx ¢ T'g. Let D, C X —T'g be the closed disk with boundary x, and let by is the direction out
of x not in D,. Then

ddCH{x},r(x"%VT) = ddCHS,T(wv F)—r- X(VS(QZHO})T) + ho(}\? D;rc) - Z h0(97 Dy)
beSing(z,.#)
btboc
(2.43)

ii) If x € T'g, then

ddCH{z},r(xw%VT) = ddCHS,T('Iﬂ?)—{_T'(NS(m7§)_NS(x))_ Z ho(yan) (244)
beSing(x,.F)
b¢l's

Proof. This is a direct consequence of Corollary 2.4.6 and Lemma 2.6.1. O

2.7 Local Grothendieck-Ogg-Shafarevich formula, following [CMO01].
In this section we apply the index results of [CMO1] to obtain finite dimensionality of local de Rham
cohomology around a point of type 2 or 3.

In sections 2.7.1, 2.7.2, 2.7.3, we consider possibly non solvable differential equations over the
Robba ring, with log-affine radii, with a regard to the Dwork dual theory applied to equations over
the open unit disk. In section 2.7.4 we consider possibly non solvable differential equations over an
over-convergent elementary tube centered at a point of X.

The results of this section are proved under the following assumption:

"Here x can be a point of I's or not.
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Hypothesis 2.7.1. K is algebraically closed and spherically complete, with a residual field K of
characteristic p > 0. In alternative, we assume that K is an unspecified finite extension of a dis-
cretely valued field with residual field of characteristic p > 0. This means that all the claims hold,
up to enlarge K and replace it by a convenient unspecified finite extension of it.

In the statements concerning super-harmonicity we will be able to remove in part such an
assumption because super-harmonicity is insensitive to extensions of the ground field K. So we only
assume that the residual field of K has characteristic p. Part of the material holds without such an
assumption, so in the sequel we explicitly mention if this assumption is necessary or not.

Remark 2.7.2. The results claimed here can certainly be extended to the case in which the residual
field K is of characteristic 0. In fact this case is easier. The difference between characteristic p and
0 only appears when one uses Frobenius techniques. These techniques are used to reduce the value
of the radii, in order to make them explicitly intelligible in a cyclic basis by the result of Young
[You92]. If the residual characteristic is 0, the radii are either solvable or they are already “small”,
and there is no need of Frobenius (cf. [Pull3]). In fact, in this case, the bound that prescribes if a

radius is small is given by lim, \n!|(1)/n =1, where |.|o is the trivial absolute value on K.

2.7.1 Equations over the Robba ring. The Robba ring is defined as
R = U1 O(Cr(0;7,1)) ; (2.45)

Let M be a differential module over R of rank r. By Prop. 2.5.2 we know that every differential
module M over the Robba ring admits a Robba part MEoPb2 & Moreover Thm. 2.5.7 asserts that if
M is free of Liouville numbers, and if the radii of M are all log-affine, then it has finite index over
R and

X(R,M) = 0. (2.46)

We now extend the Christol-Mebkhout definition of irregularity to non solvable modules. This the
first of three definitions of irregularity. This is the first of three definitions of irregularity, the second
(cf. Def. 2.7.10) is given for differential modules over elementary tubes (it is a local definition).
Finally the the global definition (cf. Def. 3.6.2) will involve the controlling graphs.

Definition 2.7.3 (Irregularity over the Robba ring). Let M be a differential module over R such
that the radii of M are all log-affine over |xo1—¢,x0,1[ for some e > 0. We define the irreqularity of
M as

Irr(M) := —0yHp ,(z, M), (2.47)

where b is the germ of segment defined by |xo1—.,x0,1] oriented as inside Dy (0,1).

Remark 2.7.4. Since M is not necessarily a solvable module over R in the sense of Christol-
Mebkhout,” then the irregularity Irr(M) can be negative. Indeed we will see that it represents a
certain non trivial index.

2.7.2 Generalized index.

Definition 2.7.5 (Generalized index). Let A, B, C be K -vector spaces such that B = A® C. Denote

8Let ¢ be the smallest index satisfying the Robba property (cf. Def. 2.5.1). Up to restrict €, i separates the radii over
|xo,1—¢, o,1[ SO we can apply Prop. 2.5.2.
9A differential module over A is solvable module in the terminology of Christol-Mebkhout if lim,_, ;- Rp,1(x0,0, M) = 1.
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by
+ -

AL BIs4, 5B C. (2.48)
the canonical projections and inclusions. Let u : B™ — B™ be a linear map. We denote by uya :
A" — A™ and by uc : C™ — C™ the following endomorphisms

ug = vyt ouony, Uuc = 7y ouoy_. (2.49)

We define then the generalized index of u as
X8 (A,u) = dimg Ker(uy) — dimg Coker(uy) , (2.50)
X8 (C,u) = dimg Ker(uc) — dimg Coker(uc) . (2.51)

We say that w has a generalized index on A (resp. C) if Ker(ua) and Coker(ua) (resp. Ker(uc)
and Coker(uc)) are finite dimensional.

Let D := D (0,1) be the open unit disk. Denote by Do the open disk which is the complement
in P}, of the closed unit disk D := D} (0,1).
Consider the sequence
0= 0D)=R—-H =0 (2.52)
where
H =T710"(Ds) = { Z a,T" | an € K, lim |a,|p" =0, for some unspecified p <1} .
n
n<—1
(2.53)

The elements of H can be seen as analytic over-convergent functions over Do, whose value at oo
is zero. It is also convenient to imagine its elements as microfunctions as explained in [Crel2].

Theorem 2.7.6 (|[CMO00, 8.2-4]). Assume that K is spherically complete. Let u : R"™ — R" be a
n X n matriz with entries in R(d/dT). Then u has a finite index if and only if us(py and uyt both
have a finite index. In this case one has

X(u,R) = xE(O(D),u) + x5 (H,v) . 0 (2.54)
As a direct consequence of (2.46) we have

Proposition 2.7.7. Let M be a differential module over R which is free of Liouville numbers, and
whose radii are all log-affine over |xo1—c,x01[. Then V : M — M has a finite generalized indexes
and one has

XN (O(D),V) = —x&"(HT, V). (2.55)

If moreover there exists a differential module Mg over O'(D) such that M = My ®g(py R, V =
Vo®1+4+1®d/dT, then Vo has a finite index over (D) and one has

xX*"(0(D),V) = x(€(D), Vo) . (2.56)
Proof. The first part is immediate from (2.46) and Theorem 2.7.6. For the second it is enough to
observe that Vo coincides with the truncated map V 4(p) obtained from V as per (2.49). O
2.7.3 Dwork dual theory. Let My be a differential module over &(D), let M := My ®4(py R
and Mo, := Mo ®g(p) #'. We have an exact sequence :
0—>My—M—=>My,—0. (2.57)
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The connection of M commutes by construction with that of Mg, and induces an operator Ay :
Moo — My, which is far from being a connection (it is in fact the dual map of a connection).

As firstly observed by Dwork the K-vector space M, is the topological dual vector space of M
in the sense of [Rob84, 8.2], [Cre98, Section 5], [CMO00, 2.1]. This is a particular case of cohomology
with support [Chi90], [Ked06]. This holds over any ultrametric complete valued field K (cf. [Chrl2,
Thm. 5.7]).

More precisely for all € > 0 the K-vector space 0(C(0;1 —¢,1)) is of Fréchet type (a space of
type F) that is a complete locally convex metric space. The ring R is a LF-space i.e. a separated
locally convex space which is inductive limit of a countable family of vector spaces of Fréchet type.
The space H' is also £F, and the Robba ring is the topological direct sum of & (D) and Hi.

The Robba ring is the dual of itself by the perfect pairing (.,.) : R x R — K defined by

(fig) == Res(f-g). (2.58)

In this duality &(D) is the dual of H. We can extend this definition to a free differential module
by choosing a basis of M (i.e. an isomorphism M = R").

Theorem 2.7.8 ([Rob84, 8.2]). Let M be a free differential module over R. The adjoint endomor-

phism of V : M — M under (.,.) is =V* : M* — M*. Moreover if M comes by scalar extension from

a differential module My over O(D), then the adjoint of As : Moo — My is —V§ : M5 — Mj. In
particular Hip (O(D), Myy) is finite dimensional, and we have

dim Ker(Ay) = dim Coker(Vy) (2.59)

dim Coker(Ay) = dimKer(Vy) . O (2.60)

Proof. The original statement of Robba was stated under the assumption that His (€(D),M§) is

finite dimensional, but this is true by Christol-Mebkhout’s Proposition 2.7.7. O

2.7.4 Local cohomology over a tube.

Definition 2.7.9 (Robba ring at a branch). Let = be a point of type 2, and lat b be a branch out of
x. We call the Robba at b the ring

%, = [Jo©) (2.61)
C

where C' runs in the family of open virtual annuli that are sections of b (cf. section 1.1.1).
If M is a differential module over Ox ,, we denote by My, the restriction of M to Ry,

Definition 2.7.10. Let x € Int(X) be a point of type 2. Let b be a branch out of x. Let M be a
differential module over Ox .. We define the irreqularity of M at b as

Irry(M) := Irr(My) = —0OpHp,(z, M) , (2.62)

where My, is the restriction of M to Ry, and b is directed as outside x.

Definition 2.7.11 (Equation free of Liouville numbers). Let z € X be a point of type 2. Let .F be
a differential equation over X, or over an elementary tube V' centered at x. We say that % is free
of Liouville numbers at x if for all branch b € Sing(x, V') out of x the module %y, is free of Liouwville
numbers (cf. Def. 2.5.6).

If x € X is a point of type 3 or 4, we say that ¥ is free of Liouville numbers at x if after scalar

extension to Xq the equation Fq is free of Liouville numbers at the peaked point oq(x) € Xq of
[PP13, 2.1.2] (cf. [PP12]).
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Remark 2.7.12. If b ¢ Sing(x, %), then Fy is automatically free of Liouville numbers. Indeed the
radii are all constant over Dy, so the solvable part 95501 of Fy is trivial.

Theorem 2.7.13 ([CMO01, Thm. 5.0-10]). Assume that K satisfies Hypothesis 2.7.1. Let x € Int(X)
be a point of type 2. Let M be an over-convergent isocrystal over an elementary tube V' centered at
x, which is free of Liouville numbers. Then the kernel and the cokernel of V : M — M are finite
dimensional over K, and one has the Grothendieck-Ogg-Shafarevich formula:
X(VEM) = rank(M) - x(VH) = > T (M) . O (2.63)
beSing(z,V)

Remark 2.7.14. The sum of the irregularities appearing in (2.67) can also be written as
x(VI,M) = rank(M) - x(VT) + dd“H{,y (2, M) . (2.64)

Indeed, by Remark 2.3.2, the non singular branches out of x do not contribute to the Laplacian.

Lemma 2.7.15. Under the assumptions of Theorem 2.7.13, there exists a basic neighborhood U of
V' such that x(U,M) = x(V,M).

Proof. Choose U small enough in order that C' := U —V is a disjoint union of open annuli on which
all the radii are log-affine. For all basic neighborhood V- C U’ C U we set ¢/ := U’ — V. Then
U=U"uUC, and U N C = . All these open subsets are quasi-Stein, and we can consider the
Mayer-Vietoris sequence (cf. section 3.2)

0 — Hyz(U, Z) - Hig (U, Z) @ Hix(C, F) — Hix(C', F) — (2.65)

— Hig(U, ) = Hig(U', F) ®@ Hig(C,.F) = Hix (C', F) = 0. (2.66)
Now by Theorem 2.5.7, for i = 0,1, we have isomorphisms Hig (C,.#) = Hi(C’,.%). Hence also
Hig (U,.7) = Hig (U, F). Since de Rham cohomology commutes with inductive limits we also have
Hix(U,.7) S Hig (U, F) S5 Hp(V, 7). O

The following proposition shows that, up to replace V' by Vg(z,.%), the G.O.S formula holds for
general (possible non solvable) differential modules over &'T(V').

Proposition 2.7.16. Assume that K satisfies Hypothesis 2.7.1. Let = € Int(X) be a point of type
2. Let M be a differential module of rank r over an elementary tube V centered at x, such that

i) L(z3(M) =Ty for some basic neighborhoods U of V' (i.e. the radii Ray ;(x, M) are all constant
functions on V' );
ii) M is free of Liouville Numbers at x.

Then the kernel and the cokernel of V : M — M are finite dimensional over K, and one has the
Grothendieck-Ogg-Shafarevich formula:

XVIM) = rx(VH= > Ty(M) = rx(V1)+dd Hiyy (2, M) . (2.67)
beSing(z,V)

Proof. By Proposition 2.2.3, condition i) guarantee that M splits over V as 0 — M=l — M —
M<sl — 0. Let 7%, 7, 7<% be the ranks of M>*°!, M, M<*°! respectively. By Proposition 2.4.5 one
has x(M<*°L, V1) = 0, so by (2.64) one has

XVEM) = x(VI,MZ) = r25x (V1) + dd°Hypy oo (2, MP5) (2.68)
On the other hand by Theorem 1.4.2 one has dd°H .y .<s (7, M<sl) = —p<s.x(V1). Since dd°H gy, (z,M) =
dd®H gy p<s(, M<sol) 4 ddH gy ,>s (2, M>°!) the claim follows. O
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2.8 Applications to super-harmonicity

In this section we apply the above index results to prove a super-harmonicity statement of the
partial heights Hg;(—,.#) of .#. We mainly focus on points « ¢ I'g, because we can not hope to
have super-harmonicity at the points of S.

Definition 2.8.1. For everyi € {1,...,r}, set
8si(F) = {r € X |dd°Hg,(z,F) > 0} . (2.69)

In the sequel, if no confusion is possible, we write &s; := &,;(.F) for short.

Proposition 2.8.2. Assume that K satisfies Hypothesis 2.7.1. Let F be a differential equation over
X or rank r. Let x € Int(X) be a point of type 2, and let V := Vg(x, F). Assume that F is free of
Liouville numbers at x. Then the following hold:

i) If v ¢ I's, and if D, denotes the closed disk in X —I's with boundary x, then

dd°Hg,(x,F) = x(VI,F)=p"(DL, Z)+ > (D, 7), (2.70)
beSing(x,.F)
b#boo

where bo is the direction out of x that do not belongs to the closed disk with boundary x.
ii) If x € T'g, then
dchS,'r(x7ﬂ) = X(th\) - X(ZL‘,S) + Z hO(Dl”ﬁ) ) (271)

beSing(x,7)
b¢l's

where x(x,8) == —(2g(x) — 2+ Ng(x)) (cf. Def. 1.1.13).
Proof. The statement is a direct consequence of Propositions 2.6.2, and 2.7.16. 0

Proposition 2.8.3. Assume that the residual field of K has characteristic p > 0. Let F be a
differential equation over X or rank r. Let x ¢ I's. Assume that F is free of Liouville numbers at
x, and that the radii {Rg;(z,.%)}i=1,..r are all solvable or over-solvable at x. Then Hg,(—,.F) is
super-harmonic at x, i.e.

x ¢ Esy . (2.72)
Proof. We can assume that K is algebraically closed and spherically complete. Let D, C X be the
closed disk whose boundary is z.

Since the first radius has the concavity property (cf. [PP13, point iv) of Remark 6.1.3]), then .#
is trivial over every open disk with boundary z, and x is an end point of I's(.#). So Vs(x,.%) = Dy,
and (2.70) gives

dd°Hgs,(z,F) = —h'(D],.Z) < 0. (2.73)
O

Proposition 2.8.4. Assume that the residual field of K has characteristic p > 0. Let F be a
differential equation over X or rank r. Let x ¢ T's. Assume that

i) Z is free of Liouville numbers at x,
ii) i separates the radii of & at x,

)
iii) ¢ is solvable at x.
)

iv) x is an end point of I's;(F).
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Then Hgi(—,.%) and Hg,(—,.%) are both super-harmonic at x, i.e.
T §é (6"571‘ U (o@S’r) . (2.74)

Proof. We can assume that K is algebraically closed and spherically complete. Let D, be the
closed disk with boundary xz. We claim that i separates the radii of .# over D,. Indeed assume,
by contrapositive, that for some y € D, one has Rg;(y,-#) = Rsi(y,#) = Rs,i(z,F). Since
Rgi(—,F) is constant on the connected component D’ of D, — {x} containing y, then D’ =
Dsi(y, #) = Ds(y, F) € D§ ;(y,F) by [PP13, (2.27)]. This implies that Rg ;(y, #) = Rs,i(y, F)
on the whole connected component of D, — {x} containing y. This is absurd because i separates
the radii at x. So i separates the radii on the whole D,.

By continuity ¢ separates the radii over Dl, and we have a decomposition 0 — (9] D;r:)% —

ﬁ]DT — (%DT)<1' — 0. One sees that D, = Vj(z, (‘%DT)%)’ hence as in (2.73) one has

dch@,r—i-{-l(x? (9|D;f:>>l) = _hl(D;r:v (%Di)?l) < 0, (275)
where r —i+1= rank(ﬁﬂDf )>i- Now write
dchS,i (:E, 3?) = dchS,i—l(fL'a ﬁ) + ddc’R,S’i (113‘, f) . (2.76)
We observe that dd°Hg ;—1(x, #) = 0 by Theorem 1.4.2. Moreover
ddCRS,i(ZL‘, ﬁ) = dch@ﬂ-(l‘, §|Dl) = ddCR@J(SC, (%Dl)Ql) < 0. (277)
This proves that = ¢ & ;. Finally from (2.75) we obtain
dd°Hs (v, F) = dd°Hg; 1(x,.F)+ > ddRg;(x, F) (2.78)
j=i
r r—i+1
= ) dd°Ry(x, Fpt) = > ddRy (x, (Zp1)=i) (2.79)
j=i j=1
= dch@,r—i—‘rl(xv (9|Dl)21) = *hl(Dlv (ﬁ|Dl>>l) < 0. (2.80)
This means that « ¢ &g, O

Corollary 2.8.5. Assume that the residual field of K has characteristic p > 0. Let % be a differ-
ential equation over X or rank r = 2. Let © ¢ U's. If F is free of Liouville numbers at each point
of €s2(F), then

5571 Ugs,g cC S. (2.81)

Proof. &s1 C S because Rg1(—,.#) has the concavity property of [PP13, point iv) of Remark
6.1.3]. Now (&s2 — S) C €s,2, and by definition i = 2 is solvable at the points x € €go. If i =1 is
solvable too at x, then apply Proposition 2.8.3. If ¢ separates the radii at =, then apply Proposition
2.8.4. [

The following Theorem provides the full super-harmonicity under some quite strong assumptions.
Recall that we already have the super harmonicity of Hg;(—,.%) outside S U €s,;(.#). If x € S we
can not have super-harmonicity.

Theorem 2.8.6. Assume that the residual field of K has characteristic p > 0. Let F be a differential
equation over X or rank r. Let x € €s,(.F), let D, be the closed disk in X —I's with boundary x,
and let V = Vg(x, F). Assume that

i) the canonical inclusion HSR(DL F) CHOR(VT,.F) is an equality;
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ii) for alli one has Rgi(—,.%*) = Rs,i(—,F);
iii) .Z is free of Liouville numbers at x (cf. Def. 2.7.11).
Then for alli=1,...,r the partial height Hs;(—,.%) is super-harmonic at x.

Proof. We can assume that K is algebraically closed and spherically complete. We firstly prove the
claim for the vertexes of the reversed convergence Newton polygon, and then deduce the claim for
the other vertexes by interpolation.

Vertexes. Let i be a vertex of the reversed convergence Newton polygon (cf. Def. 1.2.9).

By Theorem 1.4.2 if ¢ is spectral non solvable at x, or if = ¢ €5,;(.%), then dd°Hg ;(z, #) < 0,
and and we are done. So we can assume that x € €s,(.#), that ¢ is solvable or over-solvable at z,

and that there exists at least an index j < ¢ which is solvable at = (see the definition of €, ).

-sol

Since 4 is a vertex, then ¢ i. If i°! < 4, we have a decomposition

<
0—>(¢9?IDT) Zbol_;'_l—)c/’lDT _>(O-‘Dl)<iasc()1+1_>0 (282)
satisfying for all ! < j < i

Indeed over-solvable radii does not contribute to the Laplacian. So we can assume moreover that
X =D S=0,andi=i° =r.

Let V := Vg(z,.%), and let by, € Sing(z,V) be the direction not belonging to D,. Now we
consider the following commutative diagram with exact rows

o1 (D,) ON (V) —— GpesH) —=0 (2.84)

.

0 —— @pesO(Dy) — BpesRy — BpesH) —0

0

where S := Sing(z,V) — {bs}, and 7—[2 = (T — ) 'O (P — Dy) as in (2.52). From the first
exact sequence we obtain, by the snake diagram, the long exact sequence
0 — HOR (DI, #) 5 HiR(VT,.#) — Ker(Ax) — Hig(DI, F) — Hi(V1,.F) — Coker(As) — 0
(2.85)
where A is the endomorphism of @pesF @41 (p,) HZ induced by the connection of .%# (cf. Thm.
2.7.8). The vector spaces are all finite dimensional by the Christol-Mebkhout’s results of sections
2.7.1, 2.7.2, 2.7.3. By the assumption i) the first arrow of (2.85) is a bijection, so that
dim Ker(Ay) < (DI, #). (2.86)
We then have
RV, Z) = hY(D],.#) — dim Ker(As) + dim Coker(Ay) . (2.87)
By duality one has dim Coker(As) = Y s h%(Dp, F*) (cf. Thm. 2.7.8). Equation (2.70) then

becomes

dd°Hg,(x, F) = —-hNF, V) + Y b(F (2.88)
beS
= —h!'(D},.Z) + dim Ker(As) = Y _hO(Dy, F*) + > WDy, F)  (2.89)
beS beS

The assumption of compatibility with the dual gives Y, ¢ h®(DpF*) = 3"y cs (D, F ), so dd°Hg,(z, F) <
0 by (2.86).
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Other indexes. If i is not a vertex the claim follows by interpolation. Namely we proceed as
follows

Lemma 2.8.7. Let f,g: X — R be two functions. Assume that
i) dd°f(z) <0,
ii) g < f along all germ of segment out of x,
iii) g(z) = f(x),
then dd°g(x) < 0. O

Let k, j, where k < i < j, be the vertexes that are closest to i. Then Hg(—,.#) and Hg j(—, %)
are both super-harmonic at . For all 7 € {1,...,r} and all y € X, let v;(y) := log Hg;(y,.Z).
Consider the function

. Vi\Y) — Uk Y
1) = o) + (i — ) 2=y, (2.90)
This function f is also super-harmonic at x since for a = ;:]Z we have 0 < a < 1 and f(y) =
a-vj(y) + (1 —a)vg(y), so dd°f(z) = a - dd°vj(z) + (1 — a)ddvi(z). Hence

min(ddvj(x), ddvi(z)) < dd°f(xz) < max(ddv;(x),ddvg(z)) <O0. (2.91)

So the function f is super-harmonic at . Moreover v; < f by convexity of the reversed Newton
polygon of .Z, and v;(x) = f(x). Hence v; = log Hg ;i(—,.#) is super-harmonic by Lemma 2.8.7. [

Corollary 2.8.8. If # satisfies the conditions of Theorem 2.5.6 at all points of €s,, we have
s; C S, foralli=1,...,r. (2.92)

In this case if X is moreover a smooth geometrically connected projective curve, then, by [PP13,
Cor. 7.2.5], the weighted number of edges of ng(ﬂ) is at most

Es+2r(g—1)j(G+1), (2.93)
where Eg is the weighted number of edges of I's, and g is the genus of X. |

Remark 2.8.9. A general super-harmonicity statement seems to need new methods permitting to
control the “solvable breaks of the radii going towards the over-solvable side” at the points of
Cs,i(-F). As we have seen in the proof of Thm. 2.8.6 the problem is localized at the point x = xo1 of
the over-convergent open unit disk D;r; with empty weak triangulation. The following picture express
the typical example of the “pathological” situation that we have in mind. We are unable to prove
in full generality that such kind pathologies do not arises.

Here is the picture: r = rank(.#) = 3, x = x¢ 1, Dl = DH(0,1)t:

\log(l +¢)

\ s Here Hy 5(—, %) is not super-harmonic

The picture express the functions p +— log Ry ;(To exp(p):F ), where p = log(p) €] — 0o, log(1 + €)[.
At the left hand side of the solvability line the radii are all over- solvable, hence constant. At the
right hand side of the line the radii are spectral non solvable.

Solvability line

(2.94)
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3. Global measure of the irregularity.

In this section we study the global de Rham cohomology of .%. In particular we are interested in
proving its finite dimensionality, and establish its index formula. For this we introduce a canonical
weak triangulation Sz, and a canonical covering of X, built from the controlling graphs, which
permit to compute the de Rham cohomology via the Cech complex. The fact that there exists a
finite canonical covering is encoded in the structure of the controlling graph I'g(.#). We call this
property essential finiteness of I'g(#). As explained in the introduction the essential finiteness of
I'g(#) will imply the finite dimensionality of the de Rham cohomology, and the index formula.

In the case where the graph vyg5(#) do not have that property, but the curve is “approachable”
by a countable family of quasi-Stein sub-spaces X,,, where the controlling graph is finite, then we
are able to obtain a limit formula expressing the global cohomology as a limit of the equations over
the X,,. In this case the process proves that we have finite dimensionality of the global cohomology
over X if and only if the sequence of indexes over the X, are constant for all n large enough.
And we are able to show that if the cohomology is finite dimensional the the controlling graph is
essentially finite, which constitutes a converse of the above statement.

All along section 3 we assume that K satisfies hypothesis 2.7.1.

3.1 The Christol-Mebkhout limit formula.
In this section we show that if X is a quasi-Stein curve that can be approached by a family of quasi-
Stein curves (X, )q, then the de Rham cohomology of a differential equation .# can be recovered
as the limit of the de Rham cohomologies of its restrictions to X,. The fundamental assumption
here is the finite dimensionality of the cohomology of % over the X, ’s, indeed the fact that X, is
Fréchet implies that H(liR(Xa, F) is separated, which the crucial step.

This technique have been introduced by Christol-Mebkhout over annuli (cf. [CMO00]), and it
essentially follows from [Gro61, Chap.0, 13.2.4].

Assume that the connected curve X is a quasi-Stein space. Assume that there exists a filtering

ordered set A admitting a countable subset which is cofinal in A, and an inductive limit of connected
curves' (Xo)aea {Xa}aea such that :

i) for all o, X, is a quasi-Stein space. In particular &(X,) is a Fréchet space;

ii) there exists 8 € A such that for all @« > o > f, the restriction map 0(X,) = O(Xy) is
injective, with dense image, and uniformly continuous with respect to the metric structures
that make them Fréchet spaces;

iii) one has 0(X) = im & (X4) as locally convex vector spaces.

Remark 3.1.1. This is the typical situation satisfied by a quasi-Stein space (cf. Def. 1.1.6).

In the following theorem we compute Hlp (X,.%) as the limit of Hlg (X4, %).

Theorem 3.1.2. Let X and {X,}a as above. Let .F be a differential equation over X. Denote by
Fo = F|x,. Assume that there exists 3 € A such that for all « > B the de Rham cohomology
HéR(Xa,fa) of F4 is finite dimensional. Then
i) The space
HgR(X> j) = l‘LanR(Xaagaa) (3'1)
(0%

10Recall that the word curve here, and everywhere in the paper, means a quasi-smooth K-analytic curve.
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is finite dimensional, and there exists 3’ € A such that for alla > o' > (' the map HgR(Xa, Fo) —
HgR(Xa/, For) 18 an strict isomorphism;
ii) For all « € A, the quotient topology of Hig(Xa, Za) induced by the projection Fo(Xa) v,
Fo(Xa) = Hig (Xa, Fo) is separated;
iii) there exists B € A such that for all @ > o > B the map Hig(Xa, Fo) — Hig (Xor, For) is
surjective;
iv) One has
H(liR(Xv ﬁ) = l.gnHtliR(XOéaya) ) (3'2)
e

and the canonical maps Hig (X, . #) — Hig (Xa, Fa) are surjective.

In particular Hig (X, .F) is finite dimensional if and only if the sequence of the dimensions dim Hl (Xq, Za)
(or equivalently the indexes x(Xa, Fa)) is constant for all o large enough, and we have

X(X, F) = hoI[nX(Xa,fa) . (3.3)

Proof. i) Projective limits commute with kernels. The dimension of each kernel is as usual bounded
by dim .Z. For a > o’ large enough the map 0(X,) — O(X,) is injective, so the Hog (Xa, Fa) —
H)R (Xor, For) are injective too. The sequence of the dimensions of the spaces {H3y (Xq, Za)}a is
then decreasing, and hence the maps are isomorphisms for all « large enough.

ii) The topology of Hly (X, %,) is separated because 0(X,) is Fréchet, and Fréchet spaces
have the Banach’s property [CM95, Theorem 4].

iii) For all @ > o large enough the restrictions 0(X,) — 0(Xy) have dense image, then the
induced map H(liR(Xa7 Fo) = HéR(X oy For) also have dense image. Since these are separated finite
dimensional spaces, then the restriction is surjective.

iv) We then have a system of exact sequences 0 — H9g(Xq, Z0) = Fa(Xa) AR Fa(Xa) —
H(liR(Xa, Za) — 0. Let A, be the image of V. We have a system of exact sequences

0= Ay — Fol(Xa) = Hig Xa, Fa) = 0. (3.4)

Since Hig (Xa, Za) is separated, A, is closed in the Fréchet space #,(X,), and the connection V
is a strict map by [Bou87, I, par. 3, N.3, p. I.19, Cor.3]. Now since, for all & > o/ large enough, the
map Zo(Xa) = Fo (X)) is dense, then so does A, — Ay, because V : F(X,) — A, is a strict
surjective morphism. This proves that the system { A, }, verifies the Mittag-Leffler condition (M L’)
for projective systems of complete metric spaces with dense image (cf. [Gro61, Chap.0, 13.2.4]).
So we can apply [Gro61, Chap.0, 13.2.2 and 13.2.4] to the system (3.4) to obtain (3.2). Moreover
since, for all @ > o/ large enough, the maps H(liR(Xa, Fo) — HcllR(Xa/, Fo) are surjective, then so
does the maps Hi (X, %) — Hlx (Xq, Za), for all a large enough. O

Remark 3.1.3. Of course the major application in the paper will be the case where X is quasi-Stein
covered by a sequence X, as in definition 1.1.6.

3.2 Mayer-Vietoris.
Let U,V C X be two open subsets. Recall that the de Rham cohomology of % is by definition the
hypercohomology of the complex of sheaves £(F) : ¥ — F ® Qk /K in the sense of the theory of
sheaves. We then have the Mayer-Vietoris long exact sequence
s HTYUNV,E) » HY(X,E) » HI(U,E) O HY(V,E) - H(VNU,E) - HTHX,E) — - -
(3.5)
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Lemma 3.2.1. Let £ be a complex of coherent Ox-modules over X. Assume that for all i € 7 the
spaces U (U, £), HY(V, £), HH(UNV, &) are finite dimensional. Then H' (X, £°) is finite dimensional.

Proof. The term H'(X, £) fits between two finite dimensional spaces in (3.5). O
From the lemma we deduce the following

Proposition 3.2.2. Assume that X admits a finite covering by open subsets Uy,...,U, such that
H)g (Ui, Z) and {Hz (U;, N---N Uiy F) }ir,ine{l,...n}s are all finite dimensional (cf. Def. 2.4.2).

-----

Then the de Rham cohomology group Hi (X, F) is finite dimensional. O

3.3 Canonical triangulation, canonical covering, and Liouville numbers

Since K is spherically complete, there are no points of type 4.

Definition 3.3.1 (Canonical triangulation). We call canonical triangulation of X relatively to S
and % the minimal weak triangulation

Sz (3.6)
of X such that
i) T'sy =Ts(F),
ii) over each edge I of I's, the radii are all log-affine,

iii) over each edge I each radius Rs., i(—,-F) is either always solvable over I or never solvable
over I,

The vertexes of I's,, are by definition the points of Sz.

Remark 3.3.2. The triangulation Sz coincides with that of [PP13, Remark 5.6.16] attached to the
clean decomposition of F. Notice also that ii) implies that

ii") over each edge I one has, for all i < j, either Rg, i(v,F) < Rs, j(z, F) for all z € I, or
Rsyi(x, F)=Rs, j(x, F) forall z €.

Remark 3.3.3. By Proposition 1.5.5 we also have I's, = T's, (F). Hence for all point x € X of
type 2 or 3 we have

Vs(z,F) = Vs, (z,.7) . (3.7)
Definition 3.3.4 (Canonical covering). We say that a covering U = {U;}; of X is an S-canonical
covering for .& if:
i) There exists in U a family A(U) CU of open subsets such that:

(a) Every element of A(U) is an open pseudo-annulus with skeleton in T's(F) (cf. Def. 1.1.8),
(b) For allU € A(U) that the radii of F are all log-affine on the skeleton of I'y,
(c) the intersection of two distinct elements of A(U) is empty,
(d) The set of points s(U) := T's(F) — Uyeau)l'v is locally finite in X contained in Sz.

il) For all x € s(U) there exists an unique open in U, € U containing x. Moreover U, verifies:

(a) Uy is a basic neighborhood of Vg, (x,.#) that does not contain any other point of Sz ;
(b) If x € Int(X), then U, is small enough in order that the indexr of Fy, coincides with

X(F, Vs, (z, Z)), and so it is given by (cf. Theorem 2.7.13 and Lemma 2.7.15)

X(F,U,) = rank(M) - x(Vs,, (2, 7)) — Z Ity (F) 5 (3.8)
beSing(x,.7)
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(c) Assume that x lies in the boundary of X. Then U, is a star-shaped open neighborhood of x
in X, endowed with its canonical triangulation Sy, = {x}, which is small enough in order
that the radii of F |y, are all spectral non solvable at the skeleton I'r,y C U of Sy, in order
to fulfill the assumptions of Proposition 2.4.5.

It is understood that if one of the radii of % is not spectral non solvable at a point x of the
boundary of X, then there are mo canonical coverings for F .

ili) For all U; # U; € U one has U; NU; # U;,Uj i.e. there are no repetitions in U, and the
intersection of three distinct elements of U is empty.

Remark 3.3.5. The existence of a canonical covering follows immediately from the local finiteness
of the controlling graphs (cf. Thm. 1.5.1). It is clear that a canonical covering is locally finite.

Definition 3.3.6 (Equations globally free of Liouville numbers). We say that .% is free of Liouwville
numbers over X if its restriction to any annulus C in X is free of Liouville numbers (cf. Definition
2.5.6).

The following Lemma asserts that the (NL) condition can be tested on a locally finite family of
annuli, depending on ., which is relatively small.

Lemma 3.3.7. Let U be a canonical covering for F . Assume that for all pseudo-annulus U € A(U),
there exists at least a germ of segment b in the skeleton T'y such that the restriction of F to the
Robba ring Ry is free of Liouville numbers in the sense of Definition 2.5.6. Then F is free of
Liouville numbers over X.

Proof. Let C be an annulus in X. By Lemma 2.5.8 we can restrict C' if necessary. So we can assume
either that I'c C I'yy for some pseudo-annulus U € A(U), or that Tc NT'g, = 0. If T'c C 'y, then
Lemma 2.5.8 gives the result. Indeed, if by C I'y is the germ of segment on which % is free of
Liouville numbers, there exists an annulus C’ in U such that b,'c CT'ev CT'y. I T'eNlg, =0,
then C'is contained in a disk on which the radii are all constant. Hence the Robba part of 7| is
trivial (cf. Proposition 2.4.3), and so .Z is free of Liouville numbers at C. O

As an application of Theorem 3.1.2 we have the following generalization of the Christol-Mebkhout
index theorem over annuli (cf. Thm. 2.5.7):

Theorem 3.3.8. Let X be a pseudo-annulus. Let .% be a differential equation over X such that

i) The radii are all log-affine over the skeleton of X ;

ii) .Z is free of Liouville numbers.

Then F has finite dimensional de Rham cohomology. For i = 0,1 the dimension of HQR(X, F) is
bounded by the rank of %, and we have x(.%,X) = 0.

Proof. By Remark 1.1.9, X is an increasing union of closed annuli. It may also been written as an
increasing union of open annuli (X,),>0. Since X,, is an annulus, it is a Stein space and 0(X,,)
is Fréchet. Moreover, since X,, C X,41 is the inclusion of an annulus in a bigger one, the map
O(Xny1) — O(X,,) is injective, uniformly continuous and its image is dense.

So, by Theorem 3.1.2, we have H{z (X, .F) = @n Hin (X0, Zn). Now by Theorem 2.5.7, for all
n one has dim Hl (X, #,) = dim Hl (X, #,), so the dimensions of H (X, %) is bounded by
the rank of .# and it stabilizes for all n large enough. O
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3.4 Global finite dimensionality of the de Rham cohomology I: Essentially finite con-
trolling graphs

The following theorem relates the finiteness of the canonical triangulation Sz with the finite di-
mensionality of the de Rham cohomology.

Definition 3.4.1 (Essentially finite controlling graphs). Let .% be a differential equation over X.
We say that the controlling graph T's(.%) is essentially finite if it contains only finitely many points x
where at least one of the following conditions is satisfied:

i) v € 0X;
g(x) >

ii)
iii) x is a bzfurcatzon point of T's(F);
)

iv) x admits an open annulus C as a neighborhood such that x € T C T's(F), and some radius
Rs . ,i(—,F) restricted to I'c has a break at x.

Remark 3.4.2. An essentially finite graph is topologically finite (cf. proof of Lemma 5.4.3), but not
necessarily finite as a graph (since S can be infinite e.g. for a pseudo-annulus). Note that I'g(F)
can be topologically finite, without being essentially finite (e.g. an interval with an infinite number
of point with non zero genus, or lying in the boundary), nor finite as a graph (e.g. the example of
an open disk with a rational point removed does not admits any finite weak triangulation).

From the definition we immediately have the following

Lemma 3.4.3. I'g(F) is essentially finite if and only if there exists a finite canonical covering for
F.

Proof. Assume that I's(.7) is essentially finite. Let s C I'g(.%) be the finite set of points verifying
one of the conditions of Definition 3.4.1. By construction each connected component U of X — s is
either an open disk, or an open pseudo-annulus with skeleton included in I'g(.%#). The number of
such pseudo-annuli is finite because I's(.#) is locally finite, and s is finite. If U is a disk, the radii
Rs,i(—,.Z) are all constant on it. In the other cases the radii Rg;(—,.#) are all log-linear along its
skeleton, and Theorem 3.3.8 applies to U. Now we can cover each point of z € s by a star-shaped
nelghborhood of Vg(z,.%) as in point ii) of Definition 3.3.4, and we obtain a finite canonical covering
for 7

Conversely assume that % admits a finite canonical covering U. The set of bad points of Defi-
nition 3.4.1 is included in s(U) which is finite. So I'g(.%) is essentially finite. O

Lemma 3.4.4. If T's(F) is essentially finite, then X is either projective or quasi-Stein.

Proof. The graph I'g is topologically finite, and since I'g(%#) is essentially finite, there are a finite
number of points in X verifying one of the conditions 1), ii), iii) of Definition 3.4.1. It follows that
X has finite genus. So by [Liu87] X is either quasi-Stein of projective. O

Theorem 3.4.5. Let % be a differential equation over X. Assume that

i) the radii of F are all spectral non solvable at the points of the boundary of X,
i) X admits a weak triangulation S such that T's(.F) is essentially finite,
F

iii) is free of Liouville numbers over X.

Then the de Rham cohomology of F is finite dimensional.
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Proof. Let U be a finite canonical covering for % (cf. Lemma 3.4.3). The theorem is an easy
consequence of the Mayer-Vietoris sequence (cf. Prop. 3.2.2) since, by construction, ¢ is formed by
a finite number of opens on which the de Rham cohomology is finite dimensional. Namely

i) if U; is a pseudo-annulus in A(Y), then the finite dimensionality of Hlg (U;, #) follows from
Christol-Mebkhout Theorem 3.3.8. This also gives the finite dimensionality of Hi, (U;NU;, %),
since U; N U; is always a pseudo-annulus on which Theorem 3.3.8 applies.

ii) if U; is a basic neighborhood of Vs, (x, %), for some vertex « € Int(X) of I's, then the finite
dimensionality of Hi (U;, %) follows from Proposition 2.7.16.

iii) if U; is a basic neighborhood of Vs, (z, %), for some vertex x of I'g,, that lies in the boundary
of X, then the cohomology is zero by Proposition 2.4.3.

This proves the claim. O

The typical application of Theorem 3.4.5 is the following

Corollary 3.4.6. Let X be any quasi-smooth K-analytic curve, and F be a differential equation
over X. Let U be an analytic domain of X such that

i) U is relatively compact in X ;
ii) The radii of F are all spectral non solvable at the boundary OU of U ;!

iii) # is free of Liouville numbers over U.

Then the de Rham cohomology of F |y is finite dimensional.

Proof. 1t is enough to prove that U admits a weak triangulation Sy; such that I'g, (%) is essentially
finite. Let S be a weak triangulation of X. Since U is relatively compact, I's N U is topologically
finite. Since X — I'g is a disjoint union of disks D, and since U is an analytic domain in X, then
there are a locally finite number of such disks such that D NU # D. Since U is relatively compact
the number of such disks if actually finite, and one sees that there exists a weak triangulation Sy
of U such that 'gNU C I'g,,. By [PP13, Prop. 2.8.2] one has I'g,, (%) = (I's(#)NU)UTg,. Hence
I's, (%) is topologically finite, because I's(.#) is locally finite, and U is relatively compact. Now
the compactness implies that the radii of .# have a finite number of breaks, because each radius
has a finite number of breaks over a compact segment. It also implies that one has a finite number
of points x € U such that g(x) > 0, since those points form a locally finite set included in S. Hence
I's, () is essentially finite. O

Remark 3.4.7. Notice that, in general, U does not admit a finite weak triangulation (e.g. an open
disk with a rational point removed). So in general FS;} always has an infinite number of edges. It
1s not finite as a graph. This is the reason of the introduction of pseudo-annuli in the picture.

Recall that (.#, V) is said to be over-convergent on X if there exists a smooth K-analytic curve
(with no boundary) X’ and a connexion (.Z#',V’) on X’ such that X embeds into X’ and (.F',V’)
restricts to (#,V) on X. In this case, we define the over-convergent de Rham cohomology of .%#
on X as the inductive limit of the de Rham cohomologies of .%’ on U, where U runs through the
neighborhoods of X in X'.

From the previous result, we deduce the following

"Here the boundary of U is the absolute boundary U = 8(U/K), and not the relative boundary d(U/X) of U in X.
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Corollary 3.4.8. Assume that % is over-convergent and free of Liouville numbers over X (in
the over-convergent directions too). Then the over-convergent de Rham cohomology of F is finite
dimensional.

Remark 3.4.9 (Essential triangulations and essential graphs). The result of this section suggest the
following generalization of the notion of weak triangulation. A locally finite subset s of X, formed
by points of type 2 or 3, is an essential triangulation if X — s is a disjoint union of virtual open
disks, and open quasi-annuli. A weak triangulation of X is an essential triangulation. Denote by
& the union of s with the skeletons of the pseudo-annuli that are connected components of X — s.
Following [PP13, Appendix A], one sees that & is a weakly admissible graph of X, so one is allowed
to define the radii Re ;(x, F) with respect to . Namely, roughly speaking, one defines D(z,®) as
the largest open disk centered at x that do not encounter &, and we imitate the definition (1.2.2).
The interest of such a definition is that a graph T's(F) is essentially finite if and only if there exists
a finite essential triangulation such that I's(F) = &.

3.5 Global measure of the irregularity for equations with finite controlling graphs
We here provide a definition of global irregularity of %, together with a global form of Grothendieck-
Ogg-Shafarevich formula.

Hypothesis 3.5.1. In this section we assume that (X,.F) satisfies the assumptions of Theorem
3.4.5. In particular X admits a weak triangulation S such that T's(F) is essentially finite.

Hypothesis 3.5.1 implies that the graph I'g is topologically finite. So by Lemma 1.1.11, the open
boundary of X is finite. Moreover, by the assumptions of Definition 3.4.1, the curve X has finite
genus in the sense of Definition 1.1.12. In particular it is either a projective curve, or a quasi-Stein
curve (cf. Remark 1.1.6). We here focus on the case of a quasi-Stein curve.

3.6 Global irregularity

In this section we define the global irreqularity os a differential equation with essentially finite graph.

3.6.1 Essential segments of I's. If x is a point in the boundary 0X of X, then we define
seg(I's, 0X) (3.9)

as the family formed by germ of segments out of x € X belonging to I's. In analogy with germs
in the open boundary of X, we say that the elements of seg(I's,0X) are germs of segments of I'g
at the closed boundary of X.

Definition 3.6.1 (Essential germs of segments in I'g). We call essential germs segments of I'g the
family of germ of segments

seg(S) = seg(l's,0X)U0°X . (3.10)

3.6.2 Global Irreqularity.

Definition 3.6.2 (Global Irregularity). Assume that (X,.%) satisfies the assumptions of Thm.
3.4.5. Let S be any finite weak triangulation of X, and let Sz be the corresponding canonical
triangulation of #. We define the global irregularity of % as

Iy (F) = (Z X(x,sy)) rank(Z) — Y OpHp,(— Fiay,) (3.11)
xcdX beseg(Sz)
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where Ry, is the Robba ring defined by b, and b is oriented as outside X .'

Lemma 3.6.3. The global irreqularity Irrx (%) is independent on the chosen finite weak triangula-
tion S of X.

Proof. Indeed let S’ be another weak triangulation. Considering a triangulation S” such that
I'g,I'sy C I'g, one sees that we can assume that I's C I'ss. We know that FS}; =Tg UTg,
as sets (cf. Proposition 1.3.5). We then can assume that Sz = S. It is enough to prove that the
addition of a point s € I's,, to Sz, and the further addition of a new edge branched at a point of
Sz do not change Irrx (%). Since 0X C Sz, then s ¢ 90X, and the addition of s does not affect
Irrx (%) at all. The addition of a new segment branched at a point s of S#, produces a change in
the sum if and only if s € 0X. In this case x(s,S#) and the number of essential segments increase
of 1, so there is one more term —0y,Hp ,(—, fimb) corresponding to the new essential segment b at
x. Now —0p, Hp ,(—, F|m,) = —r because all the radii Rs, ;(x, #) are constant over the new branch
b, and spectral non solvable at . ]

3.6.3 Grothendieck-Ogg-Shafarevich formula. The following theorem constitutes the analogue
of the Grothendieck-Ogg-Shafarevich formula. Recall that by Lemma 3.4.4, under the assumptions
of Theorem 3.4.5, X is either projective or quasi-Stein.

Theorem 3.6.4. Assume that X is not projective. Under the assumptions of Theorem 3.4.5 one
has

X(X,.#) = rank(%) - x(X) — Irrx (%) . (3.12)

Proof. The de Rham cohomology equals the kernel and the cokernel of V acting on .%(X). Let
U ={Uy,...,Uy,} be a finite canonical covering for .# (cf. Lemma 3.4.3).

The assumptions of Theorem 3.4.4 imply that X has finite genus. Hence every U; has finite genus
too. Since X is not projective, U; cannot be projective either, hence it is quasi-Stein by [Liu87].

Since the U; are quasi-Stein spaces, the first Cech cohomology group H' (U, F) coincides with
the coherent cohomology group H!(X,.%). Since X is quasi-Stein too, this last group is 0 and the
Cech complex of U is a short exact sequence:

0-2X)~ [[ #wu)— [ Z#winu;)—o. (3.13)

1<isn 1<i<g<n

Indeed the intersection of three distinct opens is empty (cf. Def. 3.3.4). The derivation acts on these
three terms, and we have a long exact sequence by the Snake diagram:

0— HIR(X,.7) = HHdR U, Z) = [ [HR(U: N U;, F) — (3.14)
1<J
— HiR(X, %) - HHdR U, Z) = [[Hr(U: N U;, F) — (3.15)
1<J

Remark 3.6.5. The finite dimensionality of His (X, F) then follows from that of each Hlg (U;, F),
as in the proof of Theorem 3.4.5.

The intersection of two opens in U is always an open pseudo-annulus verifying Theorem 3.3.8.

121f b € seg(I's, 0X), and if 2 € X is its boundary point, this means that b is oriented as inside z.
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So it has zero index. Hence the term [ ], ;_;,, # (Ui NU;) of the sequence (3.13) has zero index. So
XX, Z) =) x(Ui, 7). (3.16)

Now if U; is an open pseudo-annulus in A(U) (cf. Def. 3.3.4), then its index is zero again by Thm.
3.3.8. The same happens if U; is an open neighborhood of a point of s(i/) at the boundary of X by
Proposition 2.4.3.

So the sum can be considered over the set of open U, € U that contains some point =z €
s(U)NInt(X). Let Vs, (z,.%#) C U, be the canonical elementary tube centered at x. Then index of
U, is given by

XUz, F) = rank(F) - x(Vo, (x, F) = > Tmy(F) (3.17)
beSing(x,. %)
= rank(F) - x(z,Sz)— Y. Im(F). (3.18)

beSing(z,#)

If r := rank(.#), the sum (3.16) becomes:
XNXF) = Y xUnF) = Y (rx@Ss) - Y Im(F)). (3.19)

zes(U)—-0X zxes(U)—0X beSing(z,7)

If C is a relatively compact pseudo-annulus in A(U), such that both the points at its boundary lie
in Int(X), then the irregularities Irry(.%) of the two points at its boundary are equal and appear
in both in (3.19), but with opposite sign (because of the orientation of b). This is because the radii
are log-linear over I'c. The only irregularities Irry(-#) that remains after cancellation are those
relative to a b belonging to a pseudo-annulus which is either with a boundary in 0.X, or which is
not relatively compact in X. So we have

(X, 7) = rx(X)—r(Z X(a:,ng)) + S OHs, (2, F). (3.20)
x€0X beseg(Sa)

This proves the claim. O

Remark 3.6.6. The proof of Theorem 3.6./ provides another proof (perhaps more explicit) of The-
orem 3.J.5. Indeed the fact that T'g(F) is essentially finite implies that X is a curve of finite genus.
Hence, by a result of Liu (cf. [Liu87]), X is either projective or quasi-Stein. Projective curves are
classic, while the proof of Theorem 3.6.4 gives another proof of the finiteness in the quasi-Stein case.

3.7 Global finite dimensionality of the cohomology II: infinite controlling graphs

In this section we investigate more general situations where the assumption of the essential finiteness
of I's, is dropped. For this we use Christol-Mebkhout limit formula.

Corollary 3.7.1. Let X be a quasi-Stein curve. Let X, be the sequence of Definition 1.1.5. Let
Fn = Fx,, Assume that

i) Z is free of Liowville number over X.

ii) for all n large enough X, is a relatively compact in X

iii) for all n large enough, the radii of %, are all spectral non solvable at the points = of the
boundary of X, ;"

3This is the absolute boundary 8X, of X,, not the relative boundary I(Xn/X).
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Then, for all n large enough, Theorem 3.4.5 applies to F,,, and HcliR(Xn,gzn) 1s finite dimensional
and Theorem 3.1.2 applies. In particular Hig (X, ) = @n Hig (Xn, F) is finite dimensional if
and only if the sequence of the dimensions dim HélR(Xn7 Fn) (or equivalently the sequence of indexes
X(Xn, Fn)) is constant for all n large enough, and we have

X(X,.Z) = limx(X,, %) . (3.21)
n
Proof. The assertions follows from Corollary 3.4.6 and Theorem 3.1.2. O

Typical examples are the following cases :

i) A pseudo-annulus (resp. disk) covered by a family of relatively compact sub-annuli (resp. disks),

ii) A curve of the form X —{z1,...,2,}, n > 1, where X is a smooth, connected, projective curve,
and where x1,...,x, are rational points.

The following corollary is useful if the X, all have the same shape, for example, if we have an open
disk (resp. annulus, punctured disk) covered by open sub-disks (resp. sub-annuli):

Corollary 3.7.2. We preserve the assumptions of Corollary 3.7.1. Assume moreover that the se-
quence x(X,) is constant with value x for all n large enough. In this case H'(X,.F) is finite
dimensional if and only if the sequence Irrx, (%) is constant for all n large enough, and (3.21)
becomes

X(X,.#) = rank(%) - x —limIrry, (%) . (3.22)
a

Corollary 3.7.3 (pseudo-annuli). Let % be a differential equation over a pseudo-annulus X, which
1s free of Liouville numbers. Let x,, y, be two sequences of points in skeleton of X approaching the
open boundary of X. Let Cy, be the open annulus with skeleton |x,, yn|.

Then the de Rham cohomology of F is finite dimensional if and only if the sequence of slopes
0, = Oy, Hy(xn, F) and o = Oy Hy,(yn,F) are both constant for all n large enough, where
b, € Cy, (resp. b, € Cy) is a germ of segment out of x, ¢ Cy (resp. y, ¢ Cp) and oriented as
outside C,, (i.e. oriented as into x,, and y, respectively). Moreover in this case we have

Irrx, (%) = —(0, +0f) >0, (3.23)

and
X(X,Z) = limx(Cy, %,) = lim(o, +0) # —o0. (3.24)
Proof. Apply Corollaries 3.7.1 and 3.7.2 to X = U,C,. O

Corollary 3.7.3 is a particular case of the following Theorem 3.7.4 that constitutes a reciprocal
of Theorem 3.4.5.

Theorem 3.7.4. Let X be a quasi-Stein curve with finite genus g(X ) admitting a weak triangulation
S whose skeleton T'g is topologically finite (cf. Def. 1.1.2). Let .F be a differential equation free of
Liouville numbers over X, with no solvable radii at the boundary 0X of X. The following conditions
are equivalent:

i) I's(.#) is essentially finite;

ii) the de Rham cohomology of F is finite dimensional;

iii) for all germ of segment b at the open boundary of X, the radii of F have a finite number of
breaks along b.
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Proof. Since I'g is topologically finite, the open boundary of X is finite. Let by, ..., by, be the germs
of segments at the open boundary. For all i let n — x,; be a strictly monotone sequence of points
along b; approaching the open boundary of X (i.e. going toward outside X). As a notation denote
b; by b; :=]1,, Too,i] S0 that |z, , Tooi[ is a strictly decreasing sequence of segments. Since X has
finite genus, for n large enough |z, ;, oo ;[ is the skeleton of a well defined pseudo-annulus C,, ; C X.
Let A, ; be the semi-open pseudo-annulus with skeleton is [z, , acoo,i[.“L Let

Xn = X — (UL{A,,) . (3.25)
Then for all n large enough we have

1) x(Xn) = x(X),
ii) X, is relatively compact in X,
iii) 0X, = 90X,
Moreover, if S is any weak triangulation such that for all n one has SN|z1;, oo i[= {Zn,i}n, then
i) for all n large enough S, := S N X,, is a weak triangulation of X and
I's, = I'snX, , (3.26)
i) Ps(F) =U,Ts.(Fx,)-
It is then clear that I'g(.%) is essentially finite if and only if for all ¢ the radii of .% have a finite

number of breaks along b;.

Now let Uy, := U;Cp—1; so that X = X,UU,, is an open covering of X. The de Rham cohomologies
of #|x, and of Z|x, ~y, are both finite dimensional by Corollary 3.4.6. Moreover by Corollary 3.7.3
the de Rham cohomology of #|y;, is finite dimensional if and only if for all i the radii of .7 have a
finite number of breaks along b;. The Mayer-Vietoris sequence of the covering X,, U U,

s H (X MU, F) — Hig(X, F) = Hig (X, F) & Hig (U, F) — Hig(Xn N U, F) — - -
(3.27)
shows that the cohomology of .7 if finite dimensional if and only if so is that of Zy, . O

Remark 3.7.5. Hypothesis 2.7.1 can likely be removed from sections 2 and 3. Indeed it is used only
in the following cases:

i) To fulfill the assumptions of Christol-Mebkhout index Thm. 2.7.13;
ii) To ensure that T's(F) has no points of type 4 in Definition 3.3.1;

iii) When one uses [Liu87] to prove that X is either pojective or quasi-Stein .

The Christol-Mebkhout index result in the case of an annulus (cf. Thm. 2.5.7) have been recently
generalized by Kedlaya [Ked13, Lemma 3.7.6] to an arbitrary base field, and it seems that similar
techniques permit to remove the assumptions about K also in Thm. 2.7.13. On the other hand again
in [Ked15) one proves that T's(.%) has no points of type 4.
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